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FOREWORD 

hdiicaiors and the public gcnerall> arc inLiyasingI) vocal aooui a phenome- 
non winch. ihc> clann. is bcconinig a national scamlal. sccondar) school siu- 
dcius ajc IcsN knowledgeable abv)ui and le.ss inicrcsicd in higher niaiheinaiics Some 
people have .suggested we need to experience a national shock, on the order of 
the 1957 shuek'of the So\iet launch of Sputnik, to remind us of the \alue to our 
nation of niathenratics and science education. 

At the same tunc, attrition of the mathematics teaching corps is causing con- 
cern. The eoncern IS magnified b> the realization that fewer university students 
plan to become matheniatiLs tcaehcrs. In oalcr to reverse these trends, several plans 
have been tried, ranging from paying mathematics teachers higher salaries t(^ re 
training other teachers to equip them to teach secondary school mathematics 

This gloomy pieture becomcN bleaker still when we realize that, according to 
the Natioiicd Assessment '^f Educational Progress, while mathematics is the fa- 
\onte subject of 9-year-oKls surveved. i: is the least-preferied subject among 17- 
year-olds. What can be done to alter these conditions? ' 

Ob\ lously. no single plan w ill change ttie direction of •uathcmalics teaching 
and learning. However, several initiatives .sponsored by the federal government 
are being undert<ikcn to niitigate the current situtation. T'hc National Institute of 
bdueation has supported and eontinues to support research projects which have 
studied etieetiNc strategies for teaching and learning in mathematics Although 
much remains to be done in the area of rcsearclu the crisis in secondary school 
mathematics makes u essential that we focus earcfully on dissemination of ex- 
isting research information. 

What Is RDIS? 

ITic Research and Development Interpretation Sen ice (RDIS), a project funded 
by the National Institute of Education. aUeinpts to bring to teachers the research 
winch they need. B> focusing our efforts on answering questions which teachers 
pose, we hope to help teachers meet their most pressing needs. Of course^ re- 
search information requires interpretation before it can be most effectively used 
This interpretation is required for several retisons: 
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• Researchers are not always tleai about the implications of their ix^search for 
the chissrooni, 

• For a particular topic it i6 often difficult to get a comprehensive view of all 
the research that hearts on that topic. 

To date. RDIS, through Us Reseanh Within Reaih serjcs, has brought re- 
search to teachers in several basic skills areas elementary school reading, ele- 
mentary school mathematics, oral ajid written aMumunication, and, now, in 
secondary school mathematics. 

How Docs RDIS Work? 

The fine detads of development have varied for die four RDIS interpretive 
works, but the overall process has remained true to the Projects goal' to make it 
possible for teachers and researchers to listen to and understand each other 

The process used to develop Reseordi Within Reach: Secoiuiary School 
MathemotiLy diustrates how RDIS works. First, around ISO questions were col- 
lected m telephone mterviewsof a national sampling of junior high and high school 
teachers. Second, the RDIS staff met with the Mathematics Consultam Panel to 
review the i|Uestioi\,s, The panel mcmbers-Dr. Mary Grace Kantowski, Dr. Rob- 
ert Rcys.^and Dr. Marilyn Suydam-idcntified the topics which were represented 
by the questions and for which there exists a research base for answers Next, lit- 
erature searches were condftctcd and first drafts completed. Those drafts were re- 
viewed by the Consultant Panel and by odicr mathematics'educators Their reviews 
led to second drafts, and the process continued in this manner until the final drafts 
Avere completed and approved, 

How Can This Book Be Used? 

Research Withm Reach. Secondary School Mathematics can be used in a 
number of ways. Each chapter begins vvV|ih a question from a teacher. The answer 
IS constructed so that research information and the classroom implications of that 
research arc clear. Wcv)- often, the chapter includes recommendations for class- 
room practice. Bach chapter concludes with a list of references on which the an- 
swer IS based and to which readers may go for a more thorough understanding of 
ihcpariicular source. (Thoie references thought to be of special value for teach- 
ers arc marked with an asterisk 

hach chapter is written in such a way that it may be read independently from 
the odiers. While this creates some repetition, it is our feeling that this provides 
greater llcxibility both for the a-adcr who wants to read about a particular topic, 
as well as for the reader who wants to survey the entire field. In any event, each 
reader is invited to read the chapters in whatever order seems best to him or her 

In addition to its obvious use for study by individuals. Research Withhi Reach' 
Secomlarv School MatnemattLS will prove useful for pre-service and in-service 
cour,ses. Each chapter can be read in a relatively short time and then can be used 
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as a basib lor discubbion in the 60 oi 90 minutes periods which are often devoted 
to in-t>ervice activities. In-service leaders might use the chapters as the basis for 
the dLvelopment of chcLkhsts of important ftisearch rci onimendations against which 
teachers can analyze their teaching and students learning. 

Similarly, teacher candidates will find that the chapters may prepare them lo 
consider actual tlassroom practice in a way which the> have not before All'of 
the recommended praLtices and much of the research reported are grounded in 
experience in real classrooms, an environment with which many teacher candi- 
dates remain relativelv unfamiliar throughout their college career 

Finally, it is hoped that readers ol RchwJi Within ReadL Svumiar} ^diool 
Matlianwtti,s will take senoitsiy the numerous invitations to replicate or validate 
the research Lited here. One topic that seems especiall) conducive to teacher ex- 
perimentation IS the use of miLroLOinputers, Although the available microcom- 
puters researLh is vited m chapters where it is relevant, the body of research is 
loo small to warrant a separate chapter. That situation must and will change; the 
lopiL IS too important. The dearth of research w ill be coirected. but in the mean- 
ume. leaLhers* use of miLi\)compuiers will very much depend on the ingenuity 
and good sense of individual teachers. Teachers willing to undertake classroom 
research utilizing mitros can perfortu a service both to theii; students and to the 
coninuinity of mathematics educators at large. 

Classroom teachers work m ciivironmesits rich w ith research potential While 
It IS possible to view this call to research as one more burden, it is also possible 
to view It as a way to gain a new understanding of how our students learn and 
how we can be more effective teaLhers. it is our hope that Reseiuxh Within Reach 
SvLotulnr) SLhoolMathenuttks will help to ease the burden while it guides teach- 
ers toward that new understanding, 

David Hold/kom 
Director 

R&D Interpretation Service 



Mark Driscoll 
Research Associate 
for Mathenuuics 
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EFFHCTIVi: MATHEMATICS 
TEACUING 



Whatdoe^ research say about the effect of factors beyond subject 
content-fov example, classroom configuration, teacher-student 
communication and teacher behavior-on students' learning of 
mathematics in secondary school? How do these factors affect 
student attitudes toward learning mathematics? 



In Kcm yciirs. mathematics teaching luus become a profession in crisis. While 
the number of .sccondarv .school mathematics teachers dwindles to a dangerous 
level, many who are left m the ranks find themselves questioning their own com- 
numient to tcachma. Among the more distressing questions they ask themselves 
,s one that pulls at The very roo?u of the profession: -Can the teacher really make 
aciiffcrence in the mathematics classroom?" 

•nie answer pieced together from a series of recent tvsearch studies, is clearly 
yes No matter how teachers are identified as effective, whether by student 
■lehievcment by .supervisors' recommendations, or by fne testimony of students 
and classroom observers, it is evident that effective teaclicrs of mathematics plan 
and behave differently from lei,.s effective teachers. More importantly, they do so 
in identifiable wavs that can be learned by other mathematics teachers, 

•|bo often, teacher training concentrates only on teacher behavior and ignores 
the innwenc(f.on that behavior of teacher attitudes, opinions, expectations, and 
planning. Yet research clearly show.s the strength of that influence, Conse- 
quently this tvport is divided, somewhat. loosely, into two parts: miys w wliuh 
effective and ineffective teachers helnm- in the classroom, and aspects- of their 
thinking and planning that influence their behavior. 

Effective Behavior 

In their study of 7th and 8th grade teachers. Evertson. Emmer. and Brophy 
were able to associate a certain style of class organization, used consistently with 
effective mathematics teaching. (7) The researchers used two criteria for effec- 
tiveness-student achievement and student ratings-and found that, on t'le aver- 
age the more effective teachers devoted about half of each period tocf)inbinea 
lecture demonstration, and discussion. On the other hand, the less effective 
teachers used only about a fourth of each period for lecti.re. demonstration, and 
discussion, and over a half of each period for individual seatwork. 

In another study of junior high mathematics classes. Evertson et al. found a 
similar pattern and were able to elaborate on the teachers' use of time; ' "the more 
successful mathematics teachers spent more time in class discussion or lecture. 
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ihe> abked more public questions (Ltcating response opporiuniiios). and response 
opportunities formed a greater proportion qf their contacts vsith students They 
did noi^ ho<\c\cr, ha\c fewer private contacts. Rather. thc> were simply more 
active." (6. p. 54) 

Que:^tioning. The larger amount of time effective teachers spend with thMr 
entire vlass means.the> have a greater opportunit) to ask questions, and question- 
asking appears to be an important factor in the effective teaching of secondar> 
level mathematics. In particular. Evert.son. Emnier, and Brophy noted that ef- 
leclive teachers asked mure so-called process questions (calling for explanations) 
and also more product questions (calling for short answers) than did less effec- 
tive teachers, and that the> asked more new questions after correct answers had 
been given. A stud> of classroom questions asked b> geometr> teachers showed 
that students' suc.cess in application tests in geometr> is related to the frequency 
of their teachers* use of application questions in class. (8. 22) 

A helpful discussion of the uses of classroom questioning is in Johnson and 
Rising. (12) Another good discussion of the roles and various uses of questions 
in mathematics teaching appears in the chapter entitled ''Questioning" in DUIac 
tus itthi Mathcmntus, a volume devoted to the teaching of middle school math- 
ematics. (15) In particular, it pinpoints more Uuin eleven separate uses for teacher 
questions, including: 

L To motivate students to consider a new topic. (''What are some four-sided 
geometric figures you can think of?*') 

2. To challenge. ("What evidence do you have for thinking that?'') 

3. To provoke student interaction. ('*Bill. do you agree with what Martha 
said?*^) 

4. To get students to evaluate. ('*How do you think your method would work 
on this next problem?") 

5. To focus on process. ('*What method did you use on that problem?'*) 

6. To guide. ("Do you remember a probjeni similar to this one?") 

7. To diagnose, djovv did you get that answer?") 

8. To review. C'WIuit are some of the things you've learned so far about tri- 
angles?") 

9. To encourage exploration. (*'Can you find a pattem in those numbers?'') 

10. To invite student questions. ("What questions does this infomiation leave 
unanswered?") 

1 1. To enhance transfer. ("How could you use that result in this new situa- 
tion?'*) 

While the quantity and variety of classroom teacher questions seem essential 
to teacher effectiveness, so does the control of wait-time between questions and 
answers-both the pause following a teacher's question and the pause following a 
student's response. In fact, Goods research in junior high classrooms. has re- 
vealed that man> teachers wait less time fcr their low-achieving students to re- 
.spond to questions than they do for higher-achieving students, and that, in general. 
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thcv provide tho^c students fewer chances to participate in public discussions (9) 
,n the end. Good maintains, most of these neglected students become totally.pas- 

sive learners. ^ . . i 

Eiwonraaeineiu. Effective teachers try to keep most of their students-low 
achievers as well as hiah achievers-froin slipping into passive learning. The ef- 
fective junior hmh mathematics teachers observed by Evert.sou. Enimer, and Brophy 
were more encouraaing and more receptive to student input than were their less 
elTectivc colleagues. (7) In another study, Evertson el oL also noted that the higher 
the mmiber of student-initiated questions and comments, the higher was student 
achievement in mathematics. (6) 

As a result of his concern that so many students fall into a totally passive state 
of learning. Good recommends that -'teachers who want to monitor and crea- 
tively examine their own behavior in order to reduce inappropriate behavior would 
do well to develop strategies for encouraging students to seek information as 
needed " O p 419) If students are consistently denied such encouragement.. the 
results can be disastrous, for. as we note in the Research Withm Reach chapters 
-Understanding Fractions. A Prerequisite for Success in Secondary School 
Mathematics" and -Communicating Mathematics", research shows that by the 
time they reach high school, many students have acquired deep, enduring, yet 
nearly invisible, misconceptions about mathematics that seriously impair their 
learning and enjoyment of the subject in high school. 

The basic strategy for teachers to develop, of coiinje. is the consistent en- 
courauement and reinforcement of questions and requests for help. Beyond that, 
it is a matter of setting a tone and a dynamic in classroom discussions which al- 
low smdents to be curious and which lead them to ask questions. 

Modelins As the picture of teacher effectiveness unfolds from research, it is 
clear that it is not only through such direct means as asking questions, generating 
questions, and offering encouragement that teachers make their teaching niore 
effective. Indirect means are also important, such as the teacher's own modeling 
. of "ood learninc behavior. Evertson. Emmer. and Bi-ophy noted that more ellec- 
tivc teachers "cncaaed in more problem-solving behavior" in their study (7. p. 
173) Thus the teacher shows the way to problem solving through his or her own 
example. The problem-solving researcher Frank Lester has concluded: "Prob- 
lem-solving instruction is most effective when students sense two things: (1) that 
the teacher rccards problem solving as an important activity and (2) that thp teacher 
actively engages in solving problems as a part of mathematics instruction. ( 14. 

A graphic illustration of the effect of teacher modeling emerged from the re- 
search of Gre^gory and Osborne. They discovered a clearconelation between the 
frequency of 7th-crade mathematics teachers" use of conditional reasoning in their 
speech (for example, "if-then" and 'Whether-then" statements), and their sm- 
dents" understanding of logical statements. (10) 

Signs of teacher effectiveness show up in the .selection and presentation ol 
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mathematical content as v\ell aj> in the modeling of good learning behavior For 
example. Smith found in his stud> that effective mathcmatici) teachers use a greater 
number of relevant examples than do their less effective colleagues. (21) In a re- 
search stud) using computer-assisted instruction, Shumway found that the use of 
counter-examples of mathematical statements, in conjunction with (positive) ex- 
amples of those statements, resulted in higher achievement than did the use of 
examples alone. (20, 22) Thus, a discussion about isosceles triangles is best 
complemented b> some identification of, and discussion about, non-isosceles tri 
angles, discussions about rational numbers should be balanced with examples of 
irrational numbers, and so on. 

As one aid in generating mathematical examples and counterexamples, teachers 
ought to take advantage of the handheld calculator. The Calculator Information 
Center prints a variety of such examples (II), and the Research Within Reach 
chapter *The Calculator. An Essential Teaching Aid'* directs readers to other 
sources of calculator-based examples. 

Clarity ami Continuity. Campbell and Schoen conducted a study in the 7th and 
8th grades in which they searched for correlations between the behavior of pre- 
algebra teachers and student attitudes toward mathematics and toward the teach- 
en>. (3) Clarity, defined as the careful use of vocabulary and explaining the why 
with the how in solving problems, and showing the continuity of the mathematics 
curriculum were the two teacher qualities that correlated most positively with 
student attitudes. As the researchers noted, **Students who perceived their math- 
ematics teacher as trying to remove the ^mysteries' of mathematics had more po- 
sitive attitudes toward mathematics and the teacher.'' (3, p. 374) 

McConncll focused on students' perceptions of teacher clarity in his study of 
9rh-grade algebra, and he found that they matched up fairly closely with the stu- 
dents' mathematical comprehension. (16) In fact, comprehension test scores were 
positively correlated with the ratings of teacher clarity given by the researchers 
as they observed classes, but those test scores were even more strongly correlated 
with student ratings of teacher clarity. 

In several other studies of secondary mathematics instruction, clarity also 
emerges as an important component of teacher effectiveness. When Smith com- 
pared" effective with ineffective teachers in his study, he noted a tendency among 
effective teachers to use fewer vague terms in their mathematical instruction (21) 
Bush et aL set up their study to try to capture the notion of clarity in terms of spe- 
cific teacher behavior. (2) The behaviors they related to clarity were: 

1 . Taking time when explaining. 

2. Stressing difficult points. 

3. Explaining new words. 

4. Demonstrating how to do something. 

5. Working difficult problems on the board. 

6. Givings students an example and letting thern try to do it. 
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In a related Mudy. Cruickshank ei al. used junior high school students' per- 
ceptions to distinguish clear from unclear teachers. (5) Among the behaviors the 
btudcnts associated with clear, but not with unclear, teachers were: 

1. Giving students individual help. 

2. Explaining something and then allowing students to think about it, 

3. Repeating questions and explanations if students do not understand. 

4. Stressing difficult points. ■ 

5. Asking students before they begin a task if they know what they are sup- 
posed to do and how they are supposed to do it. 

6. Taking time when explaining. ' 

Planning for Effectiveness 

No matter what gauge of effectiveness is used-student achievement, student 
ratings, or classroom observations-effective mathematics teachers behave in 
idenufiable ways that set them apart. Their classes are structured for coiisist- 
encY-\n particuhir, every class has some individual seatwork, but has more whole- 
class work than seatwork. They come (o class prepared for clarity and contiiwity. 
aware and m control of their questiomis, modeling, and encoumsins students in 
the class. Such effective behavior requires preparation, and two specific areas that 
research has identified as important arc use of language and expectations. 

Use of Language. Judging from the testimony of classroom observers and from^ 
student testimony as well, teachers who wish to improve the clarity in thcir math- 
ematics teaching would do well to measure the vagueness in the mathematical tcnns 
they plan to use in class. They should always plan to explain new words and terms 
and to spend enough time in class discussing the more difficult of them. 

Some mathematical words and terms can have several meanings and they may 
confuse many students if thc teacher's intended meaning is not made abundantly 
■ clear and held constant. In discussing changes in the meaning of temis during 
.'niathematical discussions. Kemme (13) provides the transcript of an algebra class 
\n which the teacher poscs a problem: 

There is a certain number of students .V the cUmivom. If there were twice as 
many md then another ten were added to it, then there would he 42. How many 
students are there? i n 

Several students arrive quickly and intuitively at the solution 16, The teacher, still 
hoping 10 use this problem to illustrate how to translate from word problems to 
equations, asked: "What kind of equation could you write in this casc?'^ Since 
they knew the answer, several students answered, quite legitimately: "x - 16." 
The teacher, of course, wanted the equation 2x + 10 = 42 as an answer. To the 
teacher, "equation" had a definite functional meaning-a tool for figunng out the 
solution. To the students, the term "equation" included the mere statement of the 
answer. Because of these different meanings, the class dikussion turned into a 
verbal wrestling match, with the teacher trying to twist the desired equation from 
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the students.. while they aMuamed unpersuaded and confused. 

Examples of such nusinterpretations abound in mathematics teaching For 
example, the temr Lirge" can connote how far away from zero a particular number 
IS. Hence, a sentence like. is larger than -7/' confuses many young people if 
they refer m their nunds to distance from zero when they see 'larger/' and not 
to the two numbers' relative positioning on the number line. Similarly, if teach- 
ers dje careless enough to portray rectangles almost exclusively as non-squares, 
their students can very easil) be trapped into picturing only non-squares in situ- 
ations where a more general conceptualization is appropriate. In such cases, they 
fail to recognise that all formulas and relationships connected to squares are spe- 
cial cases of formulas and relationships connected to rectangles. 

EApeitations, One critical aspect of teacher planning which research shows 
does not get the attention it demands is the area of teacher expectations about stu- 
dent performance. No one can say for certain that a teacher's expectations about 
a particular student will have a direct bearing on that student's academic achieve- 
ment. What seems certain, however, is that teachers tend to behave differently 
toward high- and low-achieving students, that students can and do discern ex- 
pectations from a teacher s behavior, and that they adjust theirown attitudes, ex- 
pectations, and behav lor accordingly . Good cites his own lesearch. as well as the 
supportive research of others, indicating that junior high students see their teach- 
er* behaving diffeiyntly toward low-achieving students. In p;irlicular, high achievers 
arc perceived by Mudents to have 'more choice of tasks and more ume to com- 
plete work If they request it." (9. p. 421) 

Other research has also focussed on ways in which many teachers behave dif- 
terently toward high achievers than toward low achievers. Good summarizes that 
rcseaivh. and though not all of the studies were conducted in the second;u7 school 
mathematics classroom., the full summary provides a valuable checklist for teachers 
and so we repeat it here: (9. p. 416) 

1. Seating slow students farther from the teacher or in a group (making it 
harder to monitor low-achieving students or treat them us individuals). 

2. Paying less attention to low-achievers in-academic situations (smiling less 
often and maintaining less eye contact). 

3. Calling on low-achievers less often to answer classroom questions or miike 
public demonstrations. 

4. Providing less time for low-achievers to answer questions. 

5. Not staying with low-achievers in failure situations (providing fewer clues, 
not asking follow-up questions). - 

6. Cruicizing low-achievers more frequently than high-achievers for incor- 
rect public responses. 

7. Praising low-achievei^ less frequently than high-achievers after success- 
ful public responses. 

8. Praising low-achievers more frequently than high-achievers for marginal 
or inadequate public responses. 




17 



Effectiw Mathematics Teaching 



9. Providing low-achieving btudents witli less accurate and less detailed 
feedback than high-achievers. » 

10. Failing to provide low-achievers with feedback about their responses more 
frequently than high-achievers. 

11. Demanding less work and effort from low-achievers than Irom high- 
achievers. 

12. Interrupting the performance of low-achievecs more frequently than that 
of hiulf-achievers. 

The issue of whether teacher expectations affect girls' mathematical learning 
deserves special note. Parsons and her colleagues studied the effects of teacher 
expectations on interactions in 15 eighth-and ninth-grade mathematics class- 
rooms. (17) In the 5 classrooms in which teachers had the most different expec- 
tations for boys and girls, the researchers observed significanlly more praise ol 
boy.s' work than that of girls and 'fewer private student-teacher interactions. In 
contrast, when the researchers observed the 5 classrooms with the least sex-re- 
latcd dilTercnces in teacher expectatrons, they found that girls interacted more and 
received more praise, and that there was more one-to-one teacher-student inter- 
action. (17, T9) , , ■' 

A set of firm and appropriate expectations, kept visible to students and ap- 
pealed to regularly, is an essential component of effective teaching, A major study 
of British secondary schools revealed that high academic expectations make up 
one of several factors that set effective schools apart from ineffective schools. Where 
effectiveness is measured by student achievement, attendance, behavior, and de- 
linquency records. (18) The staffs in the study's effective schools communicated 
to their students that they expected most of their students to do well on exams, 
they assigned ho^nework regularly, and they checked homework regularly, Less 
successful schools did none of these things as forcefully or regularly. Evertson. 
Emmer, and Brophy noticed a similar pattern in junior high mathematics class- 
rooms- "The more effective teachers also manifested behaviors indicative of higher 
expectations for their students. They assigned homework more frequently, stated 
their concern for academic achievement more often, and gave more academic en- 
couragement," (7, p. 176) 

Conclusion 

There can be no doubt that the effect of mathematic:> teachers on students is 
profound. As Bauersfeld describes it. ^'Teaching and learning matheriiatics is re- 
alized through hmmm interaction. It is a kind of mutual innuencing. an interde- 
pendence of the actions of both teacher and student on many levels. It is not a 
unilateral sender-receiver relation-the student's reconstruction of meaning is a 
construction via social negotiation about what is meant and about which perfor- 
mance of meaning gets the teacher's (or the peer's) sanction." ( 1 , p. 25) 

Only the teacher can determine whether the effect of those classroom inter- 
actions will be beneficial or harmful. The margin of benefit increases, however. 
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wall the L*irc and planning icathcis put into their clant> and the tontrpl the> ex- 
ert over their cxpeLtation.s and Llab.sroom efforts to wekome and to generate btu- 
deni input. 

The importance of clant> and of in\ol\ing students ab much as possible is a 
message that emanates, not from one. but from several major research studies. 
Two rccenl studies, however. impl> that we are far from heeding th*it message. 
In the firsl--a surve> of research on patterns of instruction in American mathe- 
matics classrooms the most notiteable pattern, in an overwhelming number of 
mathematics classrooms. mvoKed a dail> routine in which answers are given to 
the previous da> \s assignment, the more difficult problems are worked at the board, 
new material is covered briefl) . assignments are given for the next da>, and the 
rest of the period is spent on individual work or the homework assignment. (.23) 

Just as worrisome as patterns of instruction are patterns of student auitudes. 
Data fiom the second stud), the National Assessment of Educational Progress, 
resulted in the following Lonclusion. "For the 9->ear-olds. mathematics was the 
best liked of five atademiL subjects, mathematics was the second best-liked sub- 
ject of the I3-)ear'0lds and the least-liked subject of the 17-year-olds." (4. p, 134) 

If we arc to hold onto the interests of students as the> begin to drift awa) in 
the earl> >cars of.sccondar> school mathemmics. then teachers must heed the 
message of research mto teacher effcuiveness and begin to adjust their planning, 
expectations, and behavior to create a classroom environment in which clarit) is 
a constant goal and in which student input is at the center of the learning expe 
rience. ^ . 
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miat are some of the major differences in learning styles and levels 
of development among secondary school students? How should such 
differences M dealt with in the mathematics classroom? 



Despite ihafact that much of the secondary school curricuUun is designed on 
the assumption that students all think in the same way, secondary level mathe- 
matics teachers know differently. Every year, they meet many students who seem 
unable to think logically, or who become confused whenever symbols are used to 
represent matheinatical concepts. Furthermore, many students approach mathe- 
matical decisio.ns without a sense of what is reasonable. 

This report addresses individual differences in mathematics learning at the 
secondary level. It describes the major factors which research has linked to in- 
dividual differences, lists the curriculum areas where those factors arc likely to 
have a significant impact, and offers .some suggestions to teachers for identifying 
and responding to those individual differences. 

Individual Differences 

There are several research perspectives on individual differences in mathe- 
matics learning. One group of researchers concentrates on the different stages of 
roi?/»//ve (Icvclopnient through which children grow Another , group studies the 
various coiinitive 6A/t'^ or ways of processing infonnation among learners A third 
group isolates the ainicular and environmentcd influences to which learners re- 
spond differently, regardless of leaniing styles or devcMopmental levels Taken to- 
gether, the three perspectives provide a more integrated picture of the individual 
mathematics learner than each provides separately. 

Cognitive Development 

Generally, developmental rcsearchens draw their perspectives from the work 
of Jean Piaget and his followers. As Piaget describes it, adolescence is the period 
when children grow out of the stage of concrete operations where their thinking 
has been totally dependent on perceptions and.concrete experiences Readers who 
want a more comprehensive look at the concrete stage should refer to the report 
**Tlie Bridge from Concrete to Abstract'* in Research Within Reach' Elenwntary 
School MatheniatiL:^. This report focuses on the formal operation stage, the stage 
that follows the concrete operations stage, ia which an individual can internali/e 
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thoiight, thmk about thinking, keep two or more variables in luiiKl at one time, 
and see a concept as part of a larger system. 

According to the ongmal Piagetian hypothesis, a majority of children enter 
the stage of formal *amking between the ages of 1 2 and 14. Research has shown, 
however, that for man> children the process is much slower. (22) There are in- 
dividuals who begin to think formall> on some tasks well before they can think 
formally on.others, and some individuals //tner enter the stage of fonnal thinking 
for some tasks. 

Piaget vlauns that the stage of concrete thinking ends aiid the formal thinking 
Mage begins for a v.hild w hen he or she can conserve the concept of volume Con- 
servaiion of volume is tested in several ways, but the goal in each case is to de- 
tetiumc it a vhild anilefstands the concept of volume well enough to ignore irrclev ant 
attributes m volume problems. The irrelevance of the weight of an object to the 
volume ot water u displaces when immersed provides an example. A student is 
Nhowii two identical glass contailiers partially filled with equal amounts of water 
Two metal cvhnders of equal volume but different weight are then handed to the 
student. After the equal heights and thicknesses of the^metal cylinders have been 
pointed out, the experimenter lowers the lighter cylinder into one of the two glass 
containers. Once the student notes the rise in water levcK hi or she is asked to 
predict the rise in water level when the heavier cylinder is lowered into the other 
glass container. A child who is at least in the early stage of formal thinking will 
recognue that the weight of the c>linder in this example has nothing to do with 
how much volume is displaced. 

In his review of the research on cognitive development, Carj^enter has de- 
scribed formal thought in the following way: 

The most fundamental property of formal thought is thcj-ability to consider 
the possible rather than being restricted to concrete reality. At this stage ad- 
olescents can identif> all possible relations that can exist within a given sit- 
uation and systematically generate and test hypotheses about these relations 
They are capable of evaluating the logical structure of propositions indepen- 
dent of any concrete referents, and they are able to reflect on their own thought 
processes,*' (3, p. 176) 

According to the Piaget modeU two of the majorfacets of formal thought are* 
1. ProposUional logic. Individuals who have reached this level of thinking can 
understand '*if...then" and **either...or*' reasoning and can keep several varia- 
bles in mind at one time. Flavell describes a study in which an experimenter shows 
poker chips of different colors to children, then hides one in his hand and says. 
*^Eitherthe chip in my hand is green or it is not green.*' The children are in- 
structed to indicate whetherthey think the statement is tme, false, or undecidable 
Pre.-fonnal thinkers tend to concentrate on their perceptions -in this case, a chip 
hidden from vievv-and indicate that they cannot tell whether the statement is tme 
or false. Individuals who have attained the formal stage of thinking are more in- 
clined to focus on the words, not their perceptions, and therefore to indicate that 
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the above statonieiu is true. (11) , r.-i- 

-> Proportional lo«ic. Individuals who have reached this level ot thuiking can 
successfully coniparc ratios, as in the problem: -Which mixture would give the 
sweeter arink. one that is t -^arts orange syrt.p to 9 parts water or one that is 4 
parts-oranttc syrup to 8 parts water?" Prefornial thinkers arc generally unable to 
hold the t^o ratios together m their minds in a way that allows thcnUo weigh one 
ratio againiSt the other and then to adjust one ratio to make U proportional to the 
other. (6. 11) 
Cognitive Style 

Another perspective on individual differences among mathematics learners 
has developed from the work of a«searc!iers who study cognitive style, or how in- . 
dividuals differ in processing information. Many such cognitive styles have been 
.dentilicd; this report concentrates only on those styles that have the grciitest im- 
plications for the teaching of secondary level mathematics. . 

As described by re^earchens. each cognitive style represents a continuum of 
style in infonnation processing, and everyone has a place somewhere on that con- 
iinuum One such continuum is given by the tw(5 opposing cognitive styles 
mlsiut^■ and rejlemo". I'enions at the impulsive end of the continuum tend to pursue 
the first answer that comes to mind when they are asked a question or the first 
approach to a solution when they face a problem. Rcncctive individuals, on the 
other hand, are hesitant to respond or react quickly, and they arc likely to refiect 
longer on the different possibilities for apswers and problem solutions. U) 

Field dependence and field independence are the opposing ends ot another 
comiitivc style continuum. As Fcnncma and Bch'r describe it. 
^ "At the field dependence end of the continuum, activities and perceptions iirc 
global, that is. subjects focus on the total environment. At the field inde- 
pendence end of the continuum, activities and perceptions arc analytical, that 
is subjects perceive the environment in its component parts. At the one ex- 
treme of the performance range, perception and mental activities are domi- 
nated by the prevailing field: at the other extreme they are tvlatively independent 
of the surrounding field. " (9. p. 331) 

Other Factors 

Other tactors that contribute to individual differences among matheniatics learn- 
ers have arisen from the work of clinical researchers. Several clinical studies, in 
which students were interviewed as they worked through mathematica exercises 
and problems, have made the following hypothesis seem very plausible: as chU- 
dit^n proceed through scliool mathematics-in particular, as they approach sec- 
• ondm level mathematics-some develop a style of learning that telics on hwmor,:m^ 
rnles'and procedures, while others develop a style that leads them to re y con- 
sistently on intnidon and common sense. To illustrate these styles. R-ck and Jencks 
reported on their interviews of two 7th graders, both fairly successful m mathe- 
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malics.as measured b> sianJardi/cd tests and their placement in school. Both stu- 
dents were asked to work through exercises in the multiplication and comparison 
of decuiials and in the addition of fractions. Each applied learned rules for these 
exorcises, but one relied ,so heavil> on memory that she was unable to sense when 
her niemor> had produced the wanig mie fur her. For example, she worked through 
the following example: 

X ^,23 

.33 - 
2.20 
22.00 

24.53 

Her description of the rule fof locating the decimal point in the answer was. ''You 
look at this bottom line and keep going straight down underneath for the an- 
swer." Her firm locus on the rule- which is appropriate for addition and not nuil 
iiplkauon uf decimals' blinded her to the unreasonableness of paxiucing a number 
larger than 24 with the nuiltipheation of two numbers less than 2 and 3. respec- 
ii\eK . The second student* on the other hand, was consistcntf> inclined to appl> 
intuition to supporting and gauging the appwpriatcness of remembered rules. The 
two students were interviewed together and. as intelligent as she was. the first 
student ^\as unable to make the leap from mathematics-as-memori/.ed-rules to the 
common sense approach of the second student. (20) 

Students often misapplv mies and arc unable to gauge whether a particular mIe 
ts appropriate. Though there probabl> is no single cause for suclibehavior. din 
leal research has clearl) documented how deepl> ingrained the reliance on inem 
or> becomes for some mathematics students and how narrow is their freedom to 
use their intuition when they are doing mathematics. , 

Factors which grow out of the mathematics curriculum itself and the chilli's 
previous experience within that curriculum can also heighten difference.^ among 
learners. For example, it seems clear from sevei'al studies that children \ar) in 
their success in bridging the svstem and language of mathematics w ith their real 
world >.)stcm and e\er>da> language. This is not a questiou of being far enough 
along in cognilne dcvelupment to be able to handle mathematical symbols. Some 
chddren handle symbols well enough, but their Impression of mathematics is that 
It is a s)stem of rulc^ divorced from the real world. Thus, the> work through 
problems ^md exercises, using rules thai ma> not. in certain situations, make an> 
Sense when measured against their real-world experience. 

Eriwangefs study of this phenomenon was at the elementary school level, but 
It presents a graphic illustration of this disjointed view of mathematics, and is rel- 
evant to the teaching of secondary level mathematics. (8) It is tempting to assume 
that if a sfudent has some basic misconceptions about mathematics, those mis- 
conceptions will show up quickly either through test results or teacher observa- 
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tioii Hrlwanttcr. however, loumi siMli-gnicIo children who were tairly suceesstui 
\n thc.r individuahzcd nuuheinatics programs, but whose pereeptions ol mathe- 
matics as a svsteni were very skewed. For example, one child named Benny had 
forrectiv observed tluiunathe.)iatical answers can be written in various terms, as 
I _ .y^ _ I,, + I/,, but had stretched his observation into a strange, basic be- 
lief about mathematics. Benny believed that in niathcinatics an answer can take 
appiircntly contradictors foniis. because answers, in his woixls. work like "magve. 
bccuusc rcallv thoVic just difterent answers which we think thcy'a« dit erer.( but 
really they-re the same.-' (8. p. 173) This belief made him adamant ui de.ending 
such .statements as V, -i- = I and Vu. as a decimal is 1.5 -riie ouc^^'^^^^h for 
10; the decimal; then there\s 5-show.s how many ones.- (8. p, ^02) Amaz- 
uialv. Benny had woven sueh niLsguided rules into a coherent system that per- 
muted him to sua-ml in his individualized matliematies pwgram. 

Booth's work points to another variation of this lack of success in bridging 
nmtheniatics and the real world. Hc.reports a significant frequency ot secondary- 
level students who may compute well enough using formal n-.atheniatical proce- 
dures sueh as lona division, but who fall back on what Booth calls "child-meth- 
ods " such as countinu. when they work on mathematical word problems. (2) At 
no point alonu the wav have they come to .sec how formalized computational pro- 
cedures can be used as strategics for solving mathematical problems. While it is 
.. clear that all students use mathematical methods of some sort to solve real prob- 
lems it is oc|ually clear that for many of these .students a chasm stands between 
those methods and the mathematics they use for computational exercises. 

Critical Topics 

According to the researeh outlined above, every secondary level mathematics 
student (I) is somewhere on the continuum between concrete thinking and lull 
formal thinking. (2) has a position on each of several cognitive style eontiiiuums. 
and 0) differs fmm many other students in the kind of bridge he or she has built- 
with language, intuition, and the formation of personal niles-betwecn mathe- 
matics and the Ka\ world. , 

Whether a student understands a particular mathematics topic or not may de- 
pend on how properly the presentation of the topic fits the needs of tluit student. 
With the profile of individual differences developed above, it is possible to clar- 
ify some of those needs and to pinpoint topics in the secondary mathematics cur- 
riculum where the matching of presentations to individual differences is likely to 
be critical to .success in learning. . . ■ o. 

Throuuhout the range of secondary level mathematics topics, teachers mus 
be aware of one overriding limitation imposed on pre-formal thinkers and should 
tailor their choice and presentation of mathematics examples accordingly. Fhe pre- 
foriual child, in the words of Flavell. ^usually begins with reality and moves re- 
luctantlv. if at all. to possibility." ( 1 1 . p. 103) Hence teachers should not disre- 
gard students who do not respond very smoothly to "what if.. c|uestions or to 
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challenges to make h>|X)thescs. Those students may not have settled into the level 
of formal thinking where such tasks are a comfortable matter of course 

Herc arc some specific mathematical topics wherc individual differences have 
been detected. The> are presented with suggestions for adjusting instruction 

Proportion and FraUunLs. Prcfomial thinkers have considerable difficulty with 
proportion problems, which compare two or more ratios. But what about the 
components of those problems, the ratios themselves? A ratio is, of course, one 
of the representations of the concept of fraction, and most students have been ex- 
posed to fractions from early elementary school. Thus most secondary teachers 
have high expectations about the facility in using fractions that students bring to 
secondary mathematics. 

It turns out. however, that a firm understanding of fractions depends on the 
development of formal thinking. McBride and Chiappetta studied ninth-graders* 
understanding of equivalent fractions (for example, four-sixths equals how many 
ninths?), and they were led to conclude that facility in using the concept in- 
creases as proportional reasoning increases. (19) Many ninth-graders have not yet 
settled into full fomial thinking, in particular, into proportional reasoning, so 
teachers at that level must watch for weaknesses in their understanding of equiv- 
alent fractions. 

Stiidents who are in transition from concrete to formal thinking can benefit from 
instruction in crucial topics like fractions. Like preformal thinkers, many early 
formal thinkers i^how their inability to do proportional thinking by adding inap- 
propriately when they are asked to adjust one ratio to make it proportional to an- 
other. For example, consider the problem. When Bill made lemonade he used 4 
spoonfuls of sugar and 10 spoonfuls of lemon juice. Mary made lemonade with 
6 spoonfuls of sugar. Mow many spoonfuls of lemon juice must she use so that 
her lemonade will taste the same as Biirs? 

It has been an .established fact that a common strategy of preformal thinkers 
IS to subtract 4 from 6 to get 2, then add to 10 to yield the answer 12. The correct 
answer, of course, is 15 and it is produced by proportional thinking— for exam- 
ple, -VlO = ^15. 

Recently, Karplus and his Colleagues have confirmed that early formal think- 
ers may also use such an additive strategy. (13) In this study, nearly 25 percent 
of the sixth and eighth graders they tested and interviewed alternated between ad- 
ditive and proport^onafstrategies in solving a string of such k-nionade problems • 
The rcsearchers^ conclusion, avoidance of fractions, rather than cognitive devel- 
opment, seemed to be the major obstacle in the way of these students' mastery of 
quantitative proportion problems. In other words, there are many students who 
Lould move fully into proportional thinking if the appropriate instruction were made 
available to them. 

Kurtz and Karplus designed some instruction that can affect proportional rea- 
soning. 116) In a laboratory setting with prealgebra smdents they used tables of 
data as the vehicle for illustrating the concepts, such as constant ratios, that are 
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the basis ol proportional reasoning. The lessons extended over fourteen class pe- 
riods When the students were tested before the experiment, one-sixth of the stu- 
dents in the experimental group exhibited proportional reasoning; alter the 
instruction, roughly two-thirds of the students exhibited proportional reasomng. 

Proof. A formal mathematical proof is a complex cognitive task. The mdi- 
vidual constructing the proof must weigh several deductive paths at the same tune 
Once the path for the proof has been chosen, both the goal and the established 
evidence must come together to inform the steps of the proof. These are taxing, 
if not futile demands onWe-formal students and there are many such students in 
the ninth and tenth srade . where fonnal proof is a frequent objective in the cur- 
riculum. (For furtiier infcjrmation about proof, see the chapter -The Path to For- 
mal Proof".) / . u I- l,«..r 

Algebra Both cognitive style and cognitive development have a direct bear- 
ing on the learning of algebra. Cognitive style seems to come into play in tlie 
.strategies students choose to .solve algebraic equations. Petitto found that ninth- 
graders fell into two strategy groups: those who leaned toward an intuitive ap- 
proach that tried to capture the numerical relationships among the numbers in an 
equation without transforming the equation itself, and those who relied on mcm- 
oriyed or routinizcd stcp-by-stcp procedures (algorithms) for transforming the 
equation and producing an answer. (21) Some students moved easily between the 
intuitive and algorithmic approaches, and they tended to be the most successful. 

For example . students in the intuitive group solved % = Y^o by noticing that 
30 is 6 times 5. so x must be 6 times 3. or 18. Students in the algorithmic group, 
on the other hand, multiplied both sides of the equation by 5 to produce a new 
equation, multiplied both sides of that by 6, etc. From observing these two styles 
in action, as .she gradually increased the difficulty of the equations g'vcn to the 
students Petitto learned that neither strategy, used alone, was foolproof, btu- 
- dents with the intuitive style faltered as the number relationships grew in com- 
Dlexitv as in = 'V(x^2), while students in the other group occa,sionally tailed 
lo adapt their algorithmic procedures when the stnicture of the equations changed. 
As a result, they not only produced a wrong answer, but were unable to check to 
see ifthe answer fit in the equation. 

Since the most successful subjects in the study were those students who moved 
easily between the intuitive and algorithmic approaches, Petitto suggests that al- 
gebra teachers give equal stress to step-by-step solution procedures and to the 
consistent intuitive assessment of equations to sec ifthe numbers in them relate 
to each other in ways that suggest solutions. • 

Formal proof has already been mentioned as an aspect of algebra a fectcd by 
cognitive development. Another is the concept of equation. In particular. Wag- 
ner studied how well 12-. 14-. and 17-ycar olds conserve the concept of equation 
(06 '^7) Once again, conservation was the measure of cognitive development and. 
ust'as in the case of con.scrvation of volume, the task was to assess the under- 
standing of a concept "by determining whether or not a person realizes that the 
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critical attribute, the essence of the concept, is invariant under transformations of 
ccitain irrelevant attributes." In the case of equation, Wagner presented each 
student with two equations, (in the second equation W is seen through a small 
window from which it can be removed): 

7 X VV^ + 22' = 109 

7 X 1 + 22 = 109 

Once the student acknow edged that they both have the same solution, the re- 
searcher replaced VV b> M in the second equation and asked "Which solution will 
be Kirger?" Students whose response indicated that they thought the solutions would 
be different were deemed nonconservers. Wagner reported that one-third of the 
mterviewcd students who had successfully completed algebra failed to conserve 
on this task. Her experiment makes it very clear that a sizeable number of chil- 
dren complete algebra but do not conserve the concept of equation. 

Geometry and Measurement, Any geometric problem that requires a student 
Cither to construct a formal proof or to hold more than one variable in mind at a 
tune will ^severely tax the child who is in the preformal reasoning stage To illus- 
trate, Kidder conducted a study that required 13-year olds to consider the invar- 
iants when a tnangle in a plane is rotated through a fixed angle. (14) the students' 
answers were a mixture of correct and incorrect conclusions. .und Kidder ascribed 
this to their having to focus on one variable (e.g., length of sides) and then an- 
other (e.g., the positions of the triangle vertices with respect to the origin of the 
rotation). In part^'^ular. they generally showed an inability to conserve length in 
the task-that is, to understand that in • rotation of a triangle the side lengths do 
not change. 

If conservation of length and conservation of volume arc weak points for in- 
dividuals who have not reached the level of full formal thought, it would seem 
hkel) that conservation of area would be a weak point, too. Indeed it is. as Sze- 
tela learned. He gave seventh- and eighlh-graders the task of deciding whether or 
not deforming the perimeter of a shape affects its area (24) Of course, it usualfy 
does (for example, changing a square into a rhombus with the same side-length 
does not change the perimeter, but it changes the area), but Szetela found that the 
pre-fornial thinkers in this group of subjects were inclined to believe that areas 
are invariant under such transfonnations of perimeter. 

a 
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Problem Sohmg. A study of llmprocesbcs used by cighlh-gradcrs to solve al- 
gebra problems showed that pre-formal thinkers'used fewer processes than for- 
mal ihinken>. (7) In particular, the study examined performance on problems such 
as: 

Jeff bought 5 onmges and 10 apples for $1.65, An apple and an orange 
together cost 20 cents. How niitJi does one apple cost? How much does 
one orange cost? 

Both groups contained students who used diagrams in their approaches to the 
problems as well as students who tried to recall similar problems, but students who 
were formal thmkers used the following processes not used by the others: deduc- 
tive Reasoning, use of successive approximations, estimation, checking of con- 
ditions, checking of manipulations, checking by retracing steps. 

Cognitive style also affects the types of processes and strategies used to solve 
problems. In facu Adi and Pulos related field independence— field dependence ^ 

flexibility in situations where two problem-solving strategies are in conflict: *One 
strategy had been used in the past, or is relatively simple, and the other strategy 
must be constructed, or is relatively complex. In both cases, the simple strategy 
IS considercd first, but only the field-independent subject ^drops' this to consider 
and construct ihq alternative strategy." (I, p. 150) 

Firm connections between impulsivity-reflection and problem solving have 
not been made, but some plausible hypotheses have been offered For example, 
since reflective individuals are more inclined to take time to reflect, perhaps they 
are also more inclined to use strategies that flow from reflection, such as under- 
standing the problem by identifying the unknown, or redefining the problem by 
constmcting a simpler, but sirpilar, problem. 

Implications for Instruction 

Two messages emerge from the research outlined so far in this chapter* there 
exist significant individual differences in learning styles among secondary level 
students and there are numerous areas of the secondary mathematics curriculum 
where those differences are likely to affect learning. In the face of these two mes- 
sages. It IS natural to wonder what role mathematics teachers can play in assuring 
that learning takes place despite individual differences. 

As a start, teachers can sharpen their diagnostic skills and be more alert for 
the kinds of differences described in this report. Gireful observation, coupled with 
careful listening, will increase each teacher's sensitivity to individual differ- 
ences. 

Recogmzing that Piaget's individual interviews are too time-consuming for 
teacheri> who want to gauge the emergence of early formal thought among their 
students, Renner et aL developed a paper-pencil test that comes very close to Pi- 
aget's Displacement Volume task interview in measuring eariy formal thought 
l23) For an additional example of how researchers probe for levels of proposi- 
lional and proportional reasoning, readers should see Phillips's article (22) Even 
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if teachers choose not'to adapt the questions in the article for formai classroom 
diagnosis, they will at least become more aware of the kinds of questions that il- 
luminate the formal thinking stage. 

Another rich source of diagnostic wisdom is the several case studies men- 
tioned in this report, whose interview transcripts provide a lively and relevant ac- 
count of children's different approaches fo learning mathematics, The carefully 
chosen non-directive questions of the researcher-interviewers can serve teachers 
as models for their own classroom diagno'sis of extreme dependencies on mem- 
ory skewed impressions of mathematical rules, and so on. With their observa- 
tio'nahand diagnostic skills sharpened, these teachers can then focus on appropnate 

instruction. - . r- ■ ■ 

Some educators have been skeptical about the effectiveness of instruction in 
significantly increasing the pace of cognitive developriient. In recent years, hpw- 
cver several reseiirchers have argued against this skepticism. Klausmeier has tested 
Ins own Cognitive Learning and Developmem (CLD) Theory and disagrees with 
those who are content to wait for children to develop without stimulating that de- 
velopment. (15) According to CLD Theory, the transitional period between con- 
ctxjtc thought and fonnal thought is much longer than many previously imagined, 
and instruction can.hasten the transition for many individuals. 

Yeotis and Hosticka discuss the teaching of students who arc in developmental 
transition and they point out that what sets apart the thinking of concrete oper- 
ational individuals from the thinking of formal operational individuals is not the 
processing of information (how knowledge is organized in the mind and memory 
for later use), but the ways in which knowledge is acquired and represented. • f-or 
the concrete operational learners ideas must be abstracted from their experiences 
with the physical world and their actions performed on objects, whereas the for- 
mal operational learner is able to work in a hypothetical deductive manner in which 
reasoning proces.ses can be applied to any chosen set of premises. (29. p. 558) 
Consequently, they, suggest a three-phase approach to problem-solving in- 
struction in the middle grades that accommodates the many students who are in 
transition from concrete to fornial operations. Phase I stresses cue attendance, or 
having the students attend to all the relevam details potemially u.seful in solving 
a problem During Phase II studems practice verbalizing their problem-solving 
processes and strategies as they work on solving problems. Finally. Phase III takes 
the verbalizing one step further, and students arc trained and rcquircd to duigrm 
their problem-solving steps. Flow-charting is one recommended procedure for this 
suitable in the way it represents problem solving, for both concrete and formal 
operational thinkers. 

Phillips also addrcssed the role of the teacher in studems development. First 
of all she listed the factors involved in development as they have unfolded from 
the work of Piaget and others: matunition. social interaction, equilibration, and 
experience. (22) Maturation, of course, is that aspect of developmem that derives 
from an individual's own interior clock and genetic scheduling. Individuals also 
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develop through ^ooul uileutitwiu especiall> with peers, and teachers ought to 
nurture this aspect of development through classroom discussion. 

Equtlibnmon is the two-way process an individual uses in cognitive devcN 
opinent. first to absorb a new learning experience and adapt it to the conceptual 
framework the individual uses to intcpret the world and second, to restructure that 
conceptual framework in light of the new learning experience Thus, as we de- 
velop. \vc arc constantly adapting new learnings to our world-view, and changing 
our world-view m response to new learnings. Phillips argues that, with careful , 
challenging, a teacher can help students in this process by providing "an envi- 
ronment both familiar and novel, comfortable and uncomfortable " (22, p 8) Thus, 
for example, as long as teachers stay mindful of students* varying capacities for 
prepositional reasoning, occasional experiences with "what if..." questions and 
*Mf...then'' statements are liable to help students in their development. In fact, 
one study of seventh-graders' logical reasoning skills found a high correlalion be- 
tween the frequency of teachers* use of conditional reasoning (e.g.. 'if-then** 
sentences) and the conditional reasoning skills of the students. (12) 

About experience Phillips writes. "Too often the high school subject area spe- 
cialist assumes that someone else has provided the concrete experiences and ac- 
tion-learning necessary" (for strengthening and moving cognitive development) 
\22y p,8) As an example she points to proportional reasoning: "Measurement ac- 
tivities using real tools and objects, making comparisons, using symbols for 
measurement terms, using objects to demonstrate fractional representations, are 
all ways to introduce understanding of proportion.*' (22, p. 9) Similarity of tii- 
angles is a concept related to proportional reasoning, and it is a concept many high 
school students find difficult to apply to mathematical problems. (4) The kinds of 
activities suggested by Phillips, focusscd on similar triangles, can guide students 
to a full understanding of the concept. 

Tlie Szetela study cited earlier also pointed to the role concrete experiences 
should play m cognitive development at "the secondary level. After determining 
the kinds of misunderstandings about area and volume that are common among 
secoi^dary students, Szetela wrote, "The use of formulas to obtain areas and vol- 
umes ,hould be delayed until students have had sufficient experiences to acquire 
better understanding of the seemingly simple, yet complex, concepts of area and 
capacity." (24. p. II) Insofar as it is possible, such experiences should involve 
i>tudents in manipulating area and volume changes, to compare and determine what 
are the relevant and irrelevant variables in the change processes. To cite some ear- 
lier examples, students can experiment with the effects of weight change on vol- 
ume displacement or the effects of shape changes on perimeter and area 

According to a study by Threadgill-Sqwder et al, manipulativcs can also be 
valuable for some junior high students in understanding logical connectives such 
as "and," "or." "not." In particular, students in the study who had scored low 
on standardized achievement tests benefited from instruction in the use of logical 
connectives that employed color-coded cards and attribute blocks (25) In light of 
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a recent national survey (10. 28) which reported that nearly of all tuathe- 
nmtics teachcre in grades 7-12 never use nianipulativcs in class, it is clear that tnany 
secondary -level students might never have a full chance to learn mathotuatics 

Conclusion 

Because of current brain rcsciirch atid research into information processing (for 
example sec 5 .and 18). the future holds some exciting prospects for adapting 
mathematics instruction to accommodate individual differences In the meantime, 
insofar as they are able, teachers should try to ensure that each student's learning 
IS consistent with that student's mdividual development and learning style As has 
been pomted out, students will differ from one another in the ways they perceive 
the world; in particular, in the ways they perceive the connection between math- 
ematics and their world. Therefore, to the extent that teachers can help students 
put geometric concepts and facts, the manipulation of equations, and so on. into 
their own words and world-view. they will be helping them to make a bridge be- 
tween their evt^ryday world and the world of mathematics. 
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How precise do we teachers need to be in our use of mathematical 
language? On the one hand, texts seem almost too precise— for ' 
example, making a fine distinction between ''reciprocal and 
''multiplicative inverse.'' On the other hand, many students seem . 
to be easily confused by terms like "least common multiple.'' They 
see "least" and look for the smallest number. 



Unguagc hcrvcb a dual purpose in education. It is, of course, the primary hieans 
by which thoughts are coniiuunicated by one person to another It is also the means 
by which thinking itself is doner— when we think, we spe;ik to ourselves and process 
our thoughts with silent words and sentences. 

Mathen.atics is no one s native language, and so no one thinks or communi- 
cates lot^illy :n mathematics. Yet. more than any other discipline, mathematics 
requires careful. translation . much as any foreign language does If the tnmslalion 
breaks down. mi5>conceptions grow and mathematical thinking suffers 

^ ReseaaMi into the interplay between language and mathematics is in its in- 
fancy, although It IS conceivable that future studies will uncover significant re- 
lationships between the learning and use of language and the learning of 
mathematics. (I) 

Thib report focuscb on the language of mathematics and on tl\e effective coni- 
mumcalion of that language, dividing the relevant results into two parts- com- 
mumcation thmugh reading and. writing, as happens with textbooks and tests; and 
communication thmugh speaking and listening, when students interact with teachers 
or peers. No matter what the mode of communication, however, the results re- 
ported below bear out the central role of teachers in communicating mathemat- 
ics: they.must not only monitor what is communicated, but also how* it is 
communicated. 

Communicating through Reading and Writing 

Difficulties that arise in the translation of mathematics are not due solely to 

confusionaibout vocabulary terms such as '^quadnlateraP' Qr 'Meast Common 

multiple/* Kane (15) points out that mathematical English differs from ordinary 

English in several ways, among which arc: 

I. Letter, word, and syntactical redundancies differ. For example, single let- 
ters such as X and y appear frequently in mathematical English, as do words 
such as 'Mnfinite" or '^greater," and sentences built around the condi- 
tional phrase 'Mfand only if/' 

. 2. Names of mathematical objects usually have a single denotation, unlike 
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nounb in ordinary iinglisli. For example, ''point" denotes only one thing 
\n mathcniaticb, but in everyday language it can have a variety of mean- 
ings» from the tip of a cone to a seaside promontory. 
In their assessment cf British students* understanding of mathematics. Hart 
and her colleagues discovered several vocabulary misconceptions that arise typ- 
ically when students cross from ordinary English to mathematical English (13) 
The following excerpt of an interview with a 14-year-old girl illustrates the mis- 
conceptions: (13, p, 213) 

Interviewer: 10 sweets arc shared. between two boys so that one has 

4 more than the other. How many does each get? 
Faith: That*s wrong, if you share they each have 5, one can't 
have.4'more. 

Kemme (16) points out two more language difficulties that arise for students 
of secondary school mathematics; 

3, Many mathematical expressions arc hypothetical references, and 
most adolescents find hypotheticail reasoning very difficult until 
they are between 14 and 16 years old. For example, both teachers 
and texts begin the solution of many algebra problems with ''Let 
the unknown number be .v.** Taking the perspective of an adoles- 
cent, Kemnie says, *'\Vhy should you name things that arc yet 
unknown \o you? That s a very unusual use of language for 7th 
grade pupils. Moreover, it s a type of hypothetical reasoning with 
unknown objects/* (16, p. 46) 

4, Many mathematical expressions refer to concepts that are new, In 
some cases, a concept can remain unfamiliar to students even when 
both teacher and textbook have taken its familiarity for granted. 
For example. Hart reports about the British assessment: 'Mt was 
apparent when interviewing fourteen year olds that the words 
'perimeter' and 'area* were not part of their normal vocabulary 
and had to be redefmed/* (13, p. 213) In the United States, the 
recent National Assessment of Educational Progress revealed that 
more than half of all thirteen year olds confused the concepts of 
area and perimeter, (6) 

Compounding the communication problem are the occasional textbook defini- 
tions built around \erms and concepts which are themselves not well understood 
For example, consider the following definition: 

Polyhedron — a three-dimensional figure all of whose faces are 

polygonal regions. 

In the definition, ^'three-dimensionar\ '*faces*\ **polygonar\ and ^^regions'* 
arc all terms which could be misunderstood by many students. 

Krulik (19) points out some examples of yet another difference between 
mathematical and ordinan/ language: 
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5. Reading mathematical language often docs not rely on left-to-right 
eye movement. As an example, consider what your eyes do in a 
careful reading of %x - = Vj x. 

More than likely, they move from the 5 to the 2 beneath it to the 
,v, and so on in a combined downward-then-to-the-right move- 
ment. 

" In their article about the solving of mathematics textbook problems, 
Banictt. Sowder, and Vos (2) point out several other differences be- 
tween ordinary language and mathematical language: 

6. Mathematical word problems are more compact and conceptually 
dense than ordinary prose. Often, several iniportam ideas are 

. squeezed into a single sentence, thus requiring a more aggressive 
and thorough kind of reading than ordinarily required outside of 
mathematics. For example: ' 'To raise money for new playground 
equipment, Mts. Maple^ fifth-grade class sold 180 boxes of candy 
at SI .50 a box and 40 T-shirts at S2.00 each. If each box of candy 
and each T-shirt costs the class S 1 .20 and the students wish to award 
53.00 in prize money, how much profit did the class make on the 
sale?" 

7. Otdiniu^' prose usually possesses a continuity of subject and ideas 
from sentence to sentence and paragraph to paragraph. In text- 
books, word problems usually appear in groups of similar prob- 
lems and^students develop tendencies to process each problem in 
the same way, tendencies which are hard to break when other groups 
of problems are encountered. 

As a result of their mostly silent encounters with the quirks of mathematical 
language, many students develop their own errant rules for mathematical ian- 
guaue For example. Kent describes a misconception he has seen among stu- 
dents, orx that IS especially insidious because it is as subtle as it is misleading. 
Challenged to simplify an algebraic expression like =}1}L1± some students will 

offer the answer 2y + h^ instead of the correct 2y + h. It might have been easy 
for Kent to ascribe this to a mere oversight, if he had not probed further with one 
particular student. The imerview revealed that the student, whose grades in 
mathemarics were not bad. treated operators (such as +) the same as variables 
(such Its V and h). As a result, a numerator like 2yh + h' becomes nothing more 
than a string of symbols, and if you eliminate an /; from the denominator, you 
neeJ only eliminate one /; from the numerator. Thus, a seemingly innocent but 
ver>' comnion mistake revealed a gross misunderstanding of mathematical lan- 
guage. (17) , , 

From their observations and interviews of ninth-grade general mathematics 
students, Confrey and Lanier reported similar misunderstandings; 
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'^DccimulN were strings of numbers to be treated slightly differently, rather 
than wholes and parts. Fractions were only one number over another, without 
an^ Ullage of pics, or ratios, or segments, or partitions of sets. Mathematics seemed 
to be a set of symbols to operate on wuhin rules and if tho.sc rules failed to fit 
perfectly or errors were made, then the .sUidcnt was left with no recourse, except 
to perhaps try to manipulate the numbers niore. and hope sonic answer would 
come out even." (9. p. 555) 

Another language-related nusconccpiion that is' resistant to change is 'to 
multiply means to make bigger/' Bell and his colleagues found that even after 
uLslruction aimed at correcung the misconception, when students between the ages 
ot 12 and 1 6 ran into trouble when tbcy were asked to compute the co.st» at SI .20 
per gallon, of fillitig a 0.22 gallon can, two-thirds avoided multiplication '"be- 
cause you've gofa lesser atnount. It s under SI .20» so obviously it's 1 .20/0.22 or 
something like that," (4, p. 405) 

Because of the differences between ordinary language and mathematical lan- 
guage Litccl abo\e, rc.searchers have generally shied away from using ordinary 
reading tcbts to measure the difficulty of reading mathcr^iatical language, leach- 
ers and others who evaluate textbooks should be just as cautious \Oith statistics 
that prc.sumably reflect the reading level of a particular textbook. If the reading 
gauge applied is general in natun-\ it may be inappropriate for that particular 
mathematics textbook. 

On the other hand, there is textbook rcading research that can be helpful. Earp 
and Tanner conducted a study with a 6th grade textbook, but 'their results aix: likely 
to be relevant to reading mathematics in higher grades. (10) They first counted 
all the words \n the text that could be classified as 'Miiathcmatical words'—that 
is, words used in a technical way, such as **avcragc," *'comtnutativc," ''quad- 
rilateral," There were almost 200 such words in the text, and the researchers' in- 
terviews indicated that there was only a 50 percent accuracy in the students' 
comprehetision of the mathematical words. When the students were shown the 
words in context, however, their comprehension increased. The first context was 
in the form of sentences from the text (*'Somc customary units for measuring 
volume are the cubic inch, the cubic foot, and the cubic yard.*'), and the /u- 
dents' o\erall coinprchension accuracy increased by 8 percent. When sentences 
provided stronger contexts {^^ Volume is a way of telling about the amomit of space 
in .something such as a box or container,"), the accuracy increased by another 15 
percent There scctii to be two implications for teachers, faced with explaining 
the meaning of common matheniatical terms in their text, students may be inac- 
curate on many of them, .second, their accuracy can improve considerably if they 
are allowed to discuss the definitions of mathematical terms and to consider them 
in context, 

Cohen and Sto\er conducted a three-part study of obstacles to students' com- 
prchension of word problems. The research focused primarily on sixtli-grader>, 
but the results have implications beyond the sixth grade, (8) 

in the first part of the study the researchers asked a group of gifted sixth and 
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eiahth-aradcri. to revicu typical textbook word problems and to rewrite them (m 
the words directed to the studentb) to "make them easier lor other students who 
have trouble wnh math."' From the rewritten problems Cohen and Stover iso- 
lated three format vaiiables from among those that dominated the attention of the 
student reviewers; the absence of a diagram; the presence of extraneous infor- 
mation: and the presentation of numbers in an order other than the order in which 
the numbers are computed. 

In ihe second part of the study, the researchers tested two groups ot average 
sixth-grader>> to assess the influence of the three variables. One group worked on 
problems like type A below and the other group worked.on problems like type B 
When they compared the two groups the researchers concluded that the three 
■ variables did indeed affect the difficulty of word problems for average students 

a. the absence of a (liognim 
• A. (no diagram) In Amy's class. 8 students have brown eyes. 1 his 

IS ISCf of all'the students in the class. How many students are 

in the class? ^ 

B. tdiagram) Same problem with 
b ///(• presence of extraneous information 

A (extraneous information) Mr. Hopkins" total commission for the month 
of September was S216. of which he gave S108 to his .son. S8 1 of the 
commission came from the sale of two color televisions and one short 
wave radio. What percent of the total commission was die commission 

. from the sale of this electronic equipment ? 

B (no extraneous information) S81 is what percent of S2 16'? 
c. the presentation of numbers in the word problem in an order other than 
that required for the appropriate computational solution 
A (non-matchins order) The Kant family has driven 270 miles since they 
started their trip. The whole trip is 583 miles long. How many miles do 
they have left to go? , . 

B. (niatchinu order) The Kant family is driving on a 583'mile trip. I hey 
have driven 270 miles since they started. How many miles do they have 

left to go? , , , , 

hi the thitd and final part of the study Cohen and Stover showed that students 
can be trained to adjust w ord ptxiblems to decrease the difficulty presented by die 
three variables. In the words of the researc-hers; 'instruction consisted simply ol 
alerting students to the fact that they should check to see if a word problem could 
be dumrammed. or if extraneous information could be extracted, or if numbers 
needed to be reordered m order to fit the algorithm required to solve the prob em 
This was then followed by drills in which each treatment group practiced die 
modification . . . That training lasted only three class periods; the ditfercnccs 
Ixtween experimentals and controls were, nevertheless, substantial '" (8, pp. 194- 
9S) This suggests one clear implication for secondary school: students generally 
can benefit fern discussions and training that help them to develop a skill m sort- 
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ingoui uKonung data and lor Luinerting the data into meaningful information 



Diagraninung ab a factor in solving problems appeared^in the study b> Bell 
and hij> colleagues. In the first part of the stud>, the researchers interviewed stu- 
dents between the ages of 12 and 16 and reported, 'All of the pupils who were 
\ntervicvvcd were Lompletel) unfainihar with the notionof using an abstract dia- 
gram to enable ihcm to decide which particular arithmetic operation is appropri- 
ate/' (4, p. 407) When the students were provided with diagrams, however, the 
researLhcrb reported that the diagrams enabled the students to estimate solutions 
and that thc\ frequently led to a possible strategy for solving a particular prob- 
lem, often one that was not derived from a standard algorithm For example, dia- 
grams often led .students to choose repeated addition in preference to multiplication 

As several .studies have noted, it is not only the weaker students who suffer 
betause of the .spcLial and often unfamilar demands of reading and writing math- 
emaUcs, In his.summar) of three surveys in mathematics education (II), Fey quoted 
a leaLher mierv lewed m one of the surveys, "There is abundant evidence to show 
that we are cntoiiragmg superficial learning in some of our (best students) Sure, 
they do well on the tests. Our materials on hand encourage this. Tlie algebra book, 
for instance, is pure abstraction. The reall> good memori/.er can go right through 
and not really have it at all,'' (I I , p, 498) The validity of this teachers suspi- 
Lions has been established in a recent study by Clement et aL (7) They asked col- 
lege siudenij> to do the following problem: 

Write an equation for the following statement, ''Then: arc six times as many 
students as professors at this universit>," Use S for the number of students and 
P for the number of professors. 

On a written tei>t wuh 150 calculus students, 37 percent missed the problem 
Among 47 nonsLience majors taking college algebra, the error rate was 57 per- 
cent. The majoruy of students who had rtc>ponded incorrectly had written 6S ^ 
P, instead of 6P - S, and the reseaivhers used interviews to determine the source 
of thib reversal, The> found two sources. Some students followed "word-order 
matching,' * a literal, direct mapping of the woids of English into the symbols of 
algebra. For example, since 'professors'' follows "students" which follows the 
number 6 \n the problem, the equation becomes 6S ^ P. Another group of stu- 
dents iippcan:d to know that there were more students than professors, but still 
wrote 6S - P. In the words of the researchers who interviewed them> "Appar- 
entl> the cxpnission *6S' is used to indicate the larger group and 'P' to indicate 
the smaller group. The letter S is not understood as a variable that represents the 
number of students but rather is treated like a label or unit attached to the nitmhcr 
6." (7, p. 288) Like the teacher quoted in the Fey summary, Clement and his col- 
leagues find ,soine fault in secondar> inatlietnatics textbooks. They even point out 
that ,some popular .seLondar> textbooks explicitly instruct students to translate word 
problems into equations b> the often misguided word-order jnatching Instead, 
thej>c researchers say, secondary students need more training in translating relia- 
bly 'between algebra and other symbol systems, such as English, data tables, and 
pictures," (7, p, 289) 
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■ Kieran's research lub highlighted another common misconception in stu- 
dents' experienec of algebra, one which seems to arise from a mistranslation be- 
tween real' world experiences and the use of mathematical symbols, Kieran calls 
the conceptual scheme responsible for the misconception the -'redistribution 
scheme", and it is based on the notion that "taking something ott one number 
and adding it on to another does not change anything" (18. p. 7). a notion that 
causes the following error: 37 + x = 168 becomes 47 + x - 158 

Kieran suspects that the scheme can be traced back to a real-life redistribu- 
tion scheme practiced by small children: "We can envision the following scen- 
ario- Three children dipping mto a bag of candy and pulling out 5. 3, and 4 candies 
respectively. One child (perhaps the one who pulled out three) suggests that the 
child with 5 candies give away one of his to the child with only three. Then the 
candies become more evenly distributed. In one sense, nothing has changed; the 
total number of candies has remained the same." (18. p. 16) In other words, tak- 
ing one number off and adding it to another has not changed anything. 

Communicating through Speaking & Listening 

Because their roots are in reading research, textbook rcseawh. or paper-pen- 
cil testin". must of the studies discussed above have focused primarily on the 
written word or symbol. These results indicate that translation skills should be a 
significant part of a student s training in secondary level mathematics. Therefore 
listening and speaking should be as much part of that training as reading and 
writing'' As Bauersfeld describes it: "Teaching and learning mathematics is re- 
alized through human interaction. It is a kind of mutual influencing, an mterde- 
pcndence of the actions of both teacher and student on many leveKs It is not a 
unilateral sender-receiver relation . . . The student's reconstruction of meaning is 
a construction via socijil negotiation about what is meant and about which per- 
formance of meaning gets the teacher's (or the peer's) sanction.' (3. p. 25) 

One aspect of communicating mathematics where this social interaction is 
importan <s logical reasoning. In their study of seventh graders' logical reason- 
ing skills. Gregory and Osborne found a high correlation between the frequency 
of teachers' use of conditional reasoning (e.g.. 'If . . . then" sentences) and the 
conditional reasoning skills of the students. (12) Generally, the interplay of logic 
and language-as in the use of '.some." "all." -'neither." "rtor -is a vulner- 
able area for adolescents and results in confusion as well as frequent misuse, Fhcy 
need modelling from teachers as well as ample opportunities to use logic and lan- 
guage. Bye reports a. study in which high school students were shown a variety 
of shapes-circles, squares, and triangles-in two si/.es and three colors each 
labelled with a letter. The students were given the following task; Write the let- 
ten; of all the shapes that are neither small and red nor big and green, highty 
percent of tenth-graders and sixty-five percent of students in grades eleven and 
twelve were unable to complete the task correctly. (5) 

Because their modelling is so important in communicating mathematics. 
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tcachcfb should Liiliisatc loum^ioik) and an awariMicss of their own patterns ot* 
language. A term like x- t b can be read as \\ squared plus b". "the square of 
.X plus ''b added to .x squared**. **t added to the square of .x/' Although a 
tcaLhef s intonsistcnt usage of these phrases without explanation could confuse 
students, a discussion of the equivalence of such phrases can help the students' 
mathematical communication skills. 

Conclusion 

The interpla) of language with matheniatiLs is a subject requiring much more 
research. A Lomprehensive bibliograph) of the research done so far appears in 
"Language and Mathematical Education'' by Austin and Howson, (I) 

Future rcsearLh ma> highlight critical aspects a,f communicating mathemat 
ks. built will not lessen teachers' responsibilities. Because students can develop 
deep >ct surprismgl) hidden misconceptions about mathematics, guiding stu- 
dents to artiLulate their experience of mathematics and listening carefull> to them 
will alwa>s be a major responsibilit) of mathematics teachers. Because text- 
books fall \er> short of guiding students to translate between symbolic n.athe- 
matics and other svstems such as English, data tables, and pictures, teachers musx 
bear the major responsibilii) for helping students to develop these translation skills 
Fmall}. because students model mULh of their behav ior in communicating math 
ematics on what the> experienLC in tlassroom interactions, mathematics teachers 
must be ever alert to their own patterns m mathematical translation and com 
numication. 
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BREAKING VICIOUS CYCLES: 
REMEDIATION IN SECONDARY 
SCHOOL MATHEMATICS 
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/ am confused about teaching mathematics to high school students 
with fifth- and sixth-grade skills. Sometimes I think we expect too 
much of them in the mathematics classroom; at other times, I 
think we expect too little of them. Is there any research 
information about teaching these needy students? 



The dictioiuio's definition of "remedial" is clear and simple: -intended to 
correct or improve ones skill- in a specified area." As it agplies to the learning 
of niathciuatics. however, the definition is incomplete. It implies that maihc- 
nuincal skilh may be all that need correction or improvement, and for a large 
number of sccondiiry school students, that is an overeimplified prescription. Tliey 
need to correct and improve their skills, but their needs for correction run deeper, 
to the levels of undcnuwdins concepts and appwachcs to the leanims ofmaih- 

enuiths. ' , , ' , 

Unfortunately, some secondary school remedial programs neglect the deeper 
levels and target onlv the skill level, and even then they usually consider only those 
skills that can be measured easily through standardized testing. Yet research has 
been clear in its implications about students' needs in mathematics: conceptual 
misunderstandings and skewed approaches to learning mathematics are so coni- 
nion among teenagers that instruction which ignores them can only be partially 
successful in the long nin. 

Becaule most of the other chapters in this book address various student mis- 
takes and misconceptions, the theme of remediation mns through the entire book. 
The purpose of this chapter is to bring together the results and recommendations 
from those other chapters in a way that may highlight the threads that bind them 
toaether and the recommendations for instruction that follow from them. Con- 
sequently, the chapter is organized in the following way First, topic by topic we 
review some of the major areas of need for students as the other chapters have 
described them. Second, some themes that bind these needs together will be 
identified. As Confrey has pointed out. a studer''s performance in mathematics 
has two aspects- a private one where comprehension resides, and a public one where 
performance is judged. (7) Those teachers who are interested in remediation must 
probe both aspects; therefore, the third section lists major recommendations for 
instmction that can touch both the public and private aspects of learning mathe- 
matics. 
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Areas of Need 

, . Sohin^ problems B> ihc iiiiic ihc> rcacli high school, inosi siudcnis com- 
pute well enough wuh whole numbers bO that the need for remediation in this area 
IS not as pronounced as u is for other topics. However, when it comes to usin^ 
voinputdtional algonthms to sive pmblems ^ven one-step word problems- -many 
secondary students need considerable help. The help they need is often in the 
strategies used, not m finding the conect answer. Booth found that many British 
students, at all secondar> le\els, avoid using the four operations for whole-num- 
ber problems whenever they can. Instead, they rely on **child-methods*' such as 
<,ounimg. wben computational algorithms for the four operations would serve them 
better. Such child-methods often lead to correct answers when whole-number 
problems are mvoKed and counting is possible, but students' lack of understand- 
mg of the uses of the four operations hurts theni when the situation ch;mges, for 
excmiple. when fractions are brought into play. Without a sense of the meaning 
of addition and without any apparent recourse to a strategy like counting, many 
students become lost with exercises like % 4- Vz = ?. The> often draw a wrong 
analogy with whole-number addition, which they have learned but whose mean- 
ing ihe> have never fully grasped, and the> add numerators and denominators: 
+ [2 - (2j hi order to learn the full range of remedial needs common to 
the topic of problem solving, teachers should read the chapter *Troblem Solv- 
ing. The Life Force of Mathematics Instniction, Part One." In brief, several re- 
searchers have described how they perceive weak problem solvers differing from 
strong problem solvers and we^repeat their irsts. 

In Whimbey s summary, weak problem solvers stand out in the following ways: 

1 . They fail to observe and use all the relevant facts of a pioblem. 

2. lliey fail to approach problems in a sxstematic. step-by-step manner. They 
make illogical leaps, jumping to conclusions without checking them. 

3. They fail to spell out fully any relationships within a particular problem 

4. They are sloppy and inaccurate in collecyng information and in carrying 
out mental activities. (23. 31) 

Confrcy, Lanier, and their colleagues have conducted a study of ninth grade 
general niathematics coi^«ses. (8, 21) One facet of the study concerned the abil- 
ities that the Russian researcher Krutetskii has associated with good mathematics 
students: 

1 . Information gathering, the ability to discern the mathematical structure in 
a given problem. 

2. Generalization, the ability to place a particular case under a known gen- 
eral concept or to see something general from particular cases- that is. to 
form a concept. 

3. Rexembility the ability to change from one train of thought to its reverse, 
to reverse mathematical processes, such as inverse operations (e.g.. mul- 
iiplication/division. additioa' subtraction), and direct and converse theo- 
rems. 
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4. Flexibility, the ability to accept a variety of methods and to develop case 
and elTiciency with them. 

5 Curtailment: the ability to shorten mathematical processes— for example, 
noting the cancellation possibilities in Vi x % x and concluding quickly 
that the product is -A. (8. 18) 

The researchen, studied general mathematics students in the light oi the live 
abilities and they found the following patterns common to the students: 

1 hiformation gathering. When general mathematics students were given 
problems with essential information missing, problems with superfluous 
information, or problems with no questions attached at all, they would fre- 
quently begin to calculate wildly, in any way possible using the available 
numbers. Often they didn't even notice that a particular problem had no 
question. 

2. Generalization. Irtilevcnt variables— for example, the position ot a 
' triangle on the problem paper— often distracted general mathematics 
students. 

3 Reversihilitv. Given 17 x 13 = 221 and asked to find 221 - 13 = ?. many 
general mathematics students attempted the entire calculation rather than 
simply reversing and immediately noting that *.ne answer must be 17. 

4 Flexibility. Shown several methods for sob ing problems, many of the stu- 
dents could not keep the different methods straight and. in fact, concen- 
trating on a second method often hindered their reconstruction of the first 

method. , ■ • 

5 Curtailment. Many of tl-.e general mathematics students observed and in- 
terviewed in the study were unable or unwilling to shorten the logical pro- 
gression of steps required for solving a problem and. when they did shorten 
a logical progression successfully, they were often unable to reconstruct the 
steps they had used. (8) - 

Fraction^; One of the critical areas of need for many secondary students is 
fractions, which is the topic of a separate chapter: - Understanding Fractions: A 
Prerequisite for Success in Secondary School Mathematics ^ According to the 
National Assessment of Educational Progress (NAEP). only about 40 percent of 
seventeen-year-olds have mastered basic computation with fractions, with partic- 
ular trouble occurring in the exercises involving unlike denominators and mixed 
fraction.s (3) Even when computation with fractions is done correctly, however. 
It IS often done wtth little understanding, as evidenced by the poor student per- 
formance on NAEP exercises involving the estimation of the sum of two frac- 

"°"Thc variety of errors made by students in computing with fractions makes it 
a particularly knotty topic for remedial instniction. Lankford documented 22 dif- 
ferent errors students make in figuring out % - '/a = ? (22). Furthermore, once 
the type of error has been identified, it is also important to trace the source, For 
example Vinner et al. presented to students between the ages of 13 and 15 sev- 
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oral biraightforward fraLiiun adduioii prublcius such as '2 i - 4 = ?. (29) Even 
among those who made the mistake of adding minicrators and adding denomi- 
nators, the researchers were able to isolate several sources, including a wrung 
analosy with fraction multiplication ('if x % = * ^ ^ = then 

probably V2 -A = ^ - ^5 and a wrong uxlcrpretation of symbols (no 

real meaning is> attached U) the fraction line between numerator and denominator, 
so Mnce addition is called for, students figure they might as well add the things 
that can be paired together, namely, numerators with numerators, denominators 
with denominators). 

Deiimals. The NAEP assessment revealed that about than 60 percent of sev- 
enteen->ear-olds cannot identify .625 as the decimal equivalentof H. Thus, frac- 
tion-decimal equivalency is a topic where many saondary students need remedial 
help, as IS the topic of decimal place value. Bell and his colleagues conducted a 
study among less able fourteen->ear old British students to identify, then to re- 
mediate, common mistakes and wi^concepiions about decimals. (I) Their inter- 
views revealed place-value misconceptions such as *\45 hour>> is 45 minutes" and 
**0.8 . . . thals about an eighth.*' 

Another rather deep nnsconception identified by Bell et al. was the convfer- 
tion that, no matter the numbers being multiplied, ^^multiplication gives an an- 
swer bigger than either of the numbers being multiplied," This misconception 
tripped up man> students on problems like "If gasoline is SL20 a gallon, what 
is the cost of filling a 0.22 gallon can?" Even students who had recognized mul- 
tiplication as the route to solution when the capacit> of the can was 8.6 gallons, 
were thrown off by getting a price smaller than S 1 .20 when they multiplied 
SL20x0.22. The> were inclined to pull back from multiplication and to look for 
a way to produce a price bigger than SI .20. The research team designed some re- 
medial instmction aimed at these decimal difficulties, we will discuss their strat- 
egies later in this chapter. 

Penefm, According to the NAEP, the overall performance of secondary stu- 
dents on percent exercises was extremel> low. (3) In particular, only about half 
of seventeen-year-olds responded correctly to basic concept exerci.ses like, **Ex- 
press 9> 100 as a percent," and only about a third of seventeen-year-olds were 
successful on exercises involving an> sort of operation with, or application of, 
percents - for example, 'AVhat is 4 percent of 75?" 

Meusurement. According to the researchers who reported the results of the 
National Assessment of Educational Progres-s in mathematics, "Performance on 
perimeter, area, and volume exercises was among the poorest of any content area 
on the assessment." (3, p. 98) The frequency and severity of measurement mis- 
takes and misunderstandings is clear from the following NAEP result, less than 
20 percent of seventeen-year-olds were successful in finding the area of the right 
triangle: 



Mathematics Remediation 



9 cm 




12 cm 



. Booth wix)rted thai a disappoiiuingly bmall pcrccniagc of British teenagers were 
successful on a simdar exercise, but he sensed the intluence of the child-method 
of eountuiu on many students' approaches to area problems andrm tact, to all 
fneasurcment problems. (2) Whereas less than 50 percent of fourteen-year-olds 
were able to find the area ol 
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during mtcrvievvs. nearly twice as many found the area of a similar triangle when 
,u was presented on a grid, because. Booth claims, counting of units was possi- 
ble 



1 



Giwnetn: For a more thorough treatment of the facets of geometry where 
studc-nts struggle most frequently, readers should refer to the chapters "The Path 
to Formal Proof and -The Learning and Teaching of Geometry,^ Perhaps the 
area where need shows up most clearly is proof, and though proof is not a topic 
to which the word • •remediation' " is usually attached, it is a topic where many 
students' skills arc m dirc need of correction and impawement. The study by 5>enk 
and Usiskm showed that even among students who have had a year of high schoo 
eeometrv, only about half can do more than simple geometric proofs. (25, 28) 
Worse vet ^ their study showed that more than a third of students who enter high 
school "eometry courses do so without the appropriate prcrcxiuisite knowledge and 
skills such as knowledge of the various properties ofgeonietric figurcs (- fhe sum 
of the angles of any triangle equals 180"") and the interrelationships among geo- 
nietnc figures (-Any square is a rectangle, but not all rectangles are squares ) 
Ahehra A"ain. readers who want a more detailed description of student dif- 
ficulties with algebra should read the chapter -The Learning and Teaching of Al- 
gebra - Bneny. the difficulties that seem the deepest a>id most rcsistant to cliange 
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arc siudciib' undcr.slafkiing v)l v\liat tin equation is and vvluu a variable is. Kicr- 
an'i research has led her to conclude thai man> students enter algebra without an 
appropriate bridge with arithmetic, and bince arithmetic equations arc action 
statements in which numbers arc combined to produce an answer, the same con 
ccption takes root in algebra, (13, 17) What these students miss is the aspect of 
tt/<<ati/t'//te in the use of equations, and so fall into numerous traps as thc> strug 
glc through beginning algebra. For exAmpIc, a common mistake arising from 
overemphasising the action aspect of etiuations is to approach an equation like 
3 X T 2 = 14 12 by marching through from left to right and solving 
3 X t 2 = 14 as X ~ 4, and ignoring the influence of + 12 on the statement of 
equivalence. 

The work of Wagner, the work of Hart, and (he work of Clement, Loehhead 
and their colleagues have illustrated the variety of difficulties that can arise for 
students if their understanding of the meaning of variable is at all skewed (6, 12, 
24, 30) For example, there are many students for whom variables in equations arc 
labvis lor objects, rather than number representatives. Under the influence of that 
miSconLcption, a statcmcM like, "There are 10 times as many words (W) as sen- 
tences (S),'* IS often translated into the equation lOW = S, rather than the cor- 
rect lOS = W, 

Behind the Mistakes 

Bv the time students rtrach high school, the> have behind them enough years 

of mathematics to ha\e strung and hardened impressions about the subject what 
it us.about, how u works, why it is taught, and how it should be learned. For many 
students, those impressions arc far from conducive to good mathematics learn 
mg. As Confrc) found out in her student interviews, it is not uncommon for stu- 
dents to maintam that rules such as those for lining up decimal points in addition 
and fur "counting in" decimal points m multiplication could just as easily be re- 
versed, (7) 

Tiius, the mistakes that require remediation in secondary school mathematics 
arc often the outgrowths of impoverished impressions of mathemadcs. Further 
more, as Loehhead points out. older students who are slow in learning mathe- 
matics arc probably stuck with poor mathematical learning skills. (23) Therefore, 
m order for an attempt at remediation to have any hope for success, it must deal 
\\\\\\ ti\hc unpn.ssum and poor Iciiniiii^ skills as well as with fhc niisuikes they 
engender. Fhe task is a difficult one, graphicall> described by Loehhead, **Poor 
learning and thinking habits can perpetuate misconceptions about mathematics 
Thc\>c misconceptions can in turn act to discourage careful thinking by making it 
appear unrcwaaling. The task faced by the teacher of remedial mathematics is to 
break this vicious cycle/' (23, p,3) Whimbcy's list, cited earlier in this chapter, 
enciipsulates some uf those poor learning skills, inefficient observation and use 
of relevant facts, sloppy and inaccurate collecting of information, a failure to pro- 
ceed through solutions in a stcp-b>-stcp fashion, settling instead on illogical leaps 
to conclusion Without checking. 
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Lanktord noted a special case of the last phenomenon when he interviewed , 
sevcnth-uraders to detcnnine the major behavioral differences between students 
who arc -cod at computation and students who are poor at it. He found that the . 
poor conrputers he observed often switched to something else that would produce 
an answer whenever they ran into difficulties using « computational procedure. 
Frcquently. their chosen procedure wa.s remote from the proper procedure, but 
cettinc an answer seemed the dominant goal. (22) 

~ The belief that the immiin' uiin in motlwimitks is to get ansmrs is wide- 
spread among mathematics students, even among those who are relatively suc- 
ees.sful mathematics learners. It is especially common among the less successful 
however, and is an imposing obstacle to effective remediation. In their study o 
ninth-cnide general mathematics students. Confr6y and Lanier reported: -We tound 
evidence of this focus on the answer in students' pursuit of the problems in in- 
foniiation cathering. in their lack of nexibility and subsequent preterence tor a 
.single method, in their quick, but local generalizations and in their erroneous 

eurtailm'ent." (8. p. 554) 

A related theme identified by Confrcy and Lanier was spnholic mampuki- 
tio,' • -Matliematics seemed to be a set of symbols to be operated on withm rules 
and If those rules failed to fit perfectly oreirors were made, then the student wa.s 
left with no recourse, except to periiaps try to manipulate the numbers more, and 
hope some answer would come out even.- (8. p. 555) As reported in the chapter 
"Individual Differences Among Mathematics Leamen;.'' research has shown that 
many students «/ all secondary levels are still at the developmental level where 
leanunu must be facilitated by concrete and pictorial representations of concepts. 
WhatConfrey and Lanier have observed is the nightmare that can arise when those 
representations are not a consistent part of cla.ssroom instruction tor the students 
who require them. 
Rcniedral Teaching Strategics 

Hart reported on the extensive British study, similar in Pi"-po!*«^ ""^'f^op;^ to 
NAEP. called Concepts in Secondary Mathematics and Science (CSMS). Ihe 
subjects were students between the ages of 1 1 and 16. and one of d,c more strik- 
ing conclus-Mis was the widespread need for concrete and picioria . as well as 
svmbolic. representations of concepts. Kart wrote: - It is impossible to present 
abstract mathematics to all types of children and expect them to get something out 
of u. It is much more likely that half the class will ignore what is being said be- 
■ause the base on which the abstraction can be built does not exist. ( 12. p. 21U 
Several sludies have shown the effectiveness of using concrete and pictorial 
representations to teach adolescents fractions and concepts related to fractions. 
Karplus. Kurtz, and their colleagues have conducted a series of studies of pro- 
portional reasoning. Two conclusions from their work are: 

I Adolescents- progress with proportional reasoning skills does not hinge on 
cognitive development alone. Often their ignorance of or inability to use 
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fractions stands in ihcir way also. ( 16) 
2. Using concrete aids to measure proportional amounts, inanj adolescents 
can miprove their proportional reasoning skills significantly , and in a way 
that lea\cs them more motivated to learn such skills than are students who 
approach proportional learning without concrete aids. (20) 
Deejj worked with remedial students in grades 10, II, «Mid 12. She divided ihe 
students into two gmups and admmistered two tests to both groups on fraction 
concepts and skills. equiNalen^e and comparison of fractions, area and number 
line nuxlels of fractions, and addition and subtraction of fractions. One of the tests 
was v\niien. the other involved onl> concrete or manipulable tasks. One group 
took the concrete test first, then the written test, the other group took the tests in 
reverse order. Students who took the concrete test first were more successful on 
the written test than.the other group, !mpl>ing that learning probabi) oc^.urred 
during the admimstratioi\of the concrete test, (10) 

In a aMuedial program developed fa)ni their research, Hershkowiu e( aL used 
the following chart, with success, when teaching students how to expand, com- 
pare and add fractions. Thc> suggest that its use encourages students to see frac- 
tions as ijuaotities. and not as separate whole numbers paired together. (14) 





i 


Z 


7 


1 

3 


z 

3 


7 


Z 
4 


3 
4 


i 




r 2 
J T 


J 
3 


r 4 
5 


5 

s 




i 

0 


6 


i 
i 


S 

7 


z 




i i 
7 7 


7 


4 

7 


7 


7 


7 
} 


2 

7 


7 


7 


4; 

7 


S 

i 


i 
1 


7 


1 
5 




I 3 
9 9 


i 


1 5 


f 

i 


7 i 

? 9 


? 


r 

20 


21 


I ^ 

) to 


4 

to 


to 


-J 

tt 


_7 

> 10 


10 


— 

IC 


10 


-J 

21 


22 


-i. 
21 


71 


5 
1 1 


11 


I 




K 
1 1 


\ n 
1 1 


12\ li 


-J 


23 


22 


0 

12 




13 




t JO 
22 


\ 
1 


1 12 

2 12 



As described in the chapter *'Tlie Learning and Teaching of Algebni.** Kieran 
and MersLOviLs detennined that man> difficulties encountered by students in al- 
gebra result from their having made ,some false generalizations from, tind weak 
bridges to. arithmetic. Since the focus of the use of the equal sign in tirithmetic 
is to, describe action resulting from numerical computations, it is not alwa>s a 
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straighttorwiiril adjustment lor stinicnts to deal with equations a? equivalence re- 
lations. Kieran and Herscovics report .success using a carefully planned instruc- 
tional s. Hifcnce that bridges arithmetic and algebra. At one critical juncture, when 
the students are able to construct arithmetic identities like 5 x 5 = 30 - 5, they 
are asked to consider identities with a number covered up by a finger; 

|J|+6-2 = 10 + 8- 5 
Later, more pictorial andsymbohc representations of equations are used, but the 
researchers are convinced that it is essential to lead in to the later representations 
with this more concrete representation. (13, 17) 

Also reported m the algebra chapter is the finding by Rosnick and Clement 
that, bv the time many students reach college, they have swung too far the other 
way in their understanding of the meaning of equations. By then they have lo.st 
much of the sense of action in equations, seeing them instead as static compari- 
sons of labels. Thus 6S = P is read as "There are si.x times as many S's as P's," 
rather than the mathematically correct 'P is the number equal to 6 times S" or 
"There are six times as many P's as S's." On the basis of their research Rosnick 
and Clement make the following two recommendations: 

1. Teachers .should einphasi/e that variables stand for number. They must be 
consistent in this eniphasis. even watching that they set up equations with 
statements like "Let A stand for the number of apples." and not "Let A 
stand for apples." 

2. Teachers shouftl watch for an inclination on the part of students to view 
~ equations in a static way and to emphasize to them that equations represent 

active opemtions on variables that create an equality. (24) 
I hreadgiU-Sowder and Juilf conducted a study in which they compared con- 
crete versus symbolic materials in teaching logical connectives like "or", "and", 
and "not" to 7th-araders. The concrete materials included attribute blocks ol 
various shapes. The instruction took three class sessions and, when it was com- 
plete, a test on logical connectives was taken by the students, Among the lower 
achievers in the group, those who learned through the use of the concrete mate- 
rials did better on the test than the group of low achievers who learned through 
the symbolic approach..t26) Suggestions for activities using attribute blocks and 
pictonal liiethods to tciich logical connectives to junior high students can be found 
in the book Actmucs Jor TOPS. A Program in the Teaching of Problem Solvni}; 
(4) 

Many secondarv students require remediation for their arithmetic skills Kulni 
has compiled a col'lection of suggestions for remediating the arithmetic skills of 
ninth-ttrade general mathematics students. (19) 

According to the study bv Confrey and Lanier, remedial success in the gcn- 
ertil mathematics classnwm ma> require some careful self-examination on the part 
of general mathematics teachers, hi particular, when the researchers observed 
teachers who tausjht both general mathematics and algebra, and compared their 
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behavior nicc^h i>|)c ol class, lhc> found ihai ihcv lend lo aci differentl) from 
one class lo ihe other: 

K rhe\ give the general inalhemalits btudenis much less direct instruction 
Un light of the evidence, desciibed m the chapter "Effective Mathematics 
Feachmg". that successful junior high mathematics teachers spend more 
lime m class discussion and lecture, this phenomenon in general mathe- 
matics classrooms needs to be changed,) 
2. Though general mathematics students spend most of their class time doing 
homework and individual problems, the> get less assistance with their 
seatwork than do their counterparts in algebra, The> also get less encour- 
agement and less opportunity for discussion. (21) 
'Lamer has pointed out that general mathematics classes lack the *'ripple ef 
feci" seen in algebra classes, where a core group of students often grasp content 
quickl>, respond to the teacher at critical moments, and, in doing so, help to 
communicate the content to other students. (21) 

Accordmg to Loch^*:ad. successful remedial^ programs must be quite differ- 
ent from the t>pical general mathematics program described b> Lanier In such 
pa>grams. students must be shaken out of the memorize-rcgurgitate cycle," they 
must place major emphasis on getting students to think actively," and their stu- 
dents must learn to-disco\er their own approaches to solving simple problems 
before the\ can appreciate the more elegant designs of others (23, p. 14) 

The kind of student-centered, process-enriched approach to remedial teach- 
ing that Luchhead recommends was at the center of an experiment in instruction 
carried out m the Calgar> Junior High School Mathematics Project Although its 
purpose was not i"emediauon, its design could be adapted and. since the focus was 
the difficult topic of fractions, remedial teachers should take note of the re^alts, 
The objective of the ele\en and one-half week program was to facilitate and 
enrich seventh-graders' learning of fractions through mathematical investlgii- 
tions. In particular, the students experimented with concrete materials, recorded 
what happened in the experiments, formulated questions, wrote up accounts of 
the experimental results, and applied the results to practical situations Not only 
did the experimental group's achievement impro\e significantly when tlie> were 
compared with a group of students learning from a regular textbook, but they also 
displa>ed signiricantl> greater enjo>ment of fractions than the students in the regular 
group. Furthermore, the researchers noted a significant impro\ement in the ex- 
perimental students' abilit> to give explanations, probably due to their rc^ re- 
cording of experimental results. (II) 

All of the research cited so far leads to the conclusion that educators must de 
sign remedial programs in which students are taught to think, to experiment, and 
lo discu.ss. llicse are not smiple goals, and teachers should lake ad\antage of ever)' 
proven inslrucUonal aid thc> can. Concrete materials have proven their worth in 
remedial instruction and so, in recent >ears. have handheld calculators 

In their siud> of student difficulties with decimals. Bell ct uL designed some 
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calcuUuor-bascd uistmction to reiucdiate two of the most glaring ditlicultics: a lack 
ofunderstandina of decimal place value and a deep-rooted conviction that - mul- 
tiplication always makes bigger/' (1) They were able to produce significant ini- 
provement in the students' understanding of place value by involving them in 
exercises like the game called Getting Closer, played in pairs, in which one stu- 
dent chooses a low number, the other a high number, and each puts his or her 
numberon a calculator screen. The students then take turns, with the tirst adding 
anv non-^vhok number each time to the numberon the screen while the second 
stiident with the higher number, subtracts non-whole numbers. Thus, the num- 
ber on the -wo calculator screens approach each other. The first player to pass 
the number currently on the other player's screen is the loser. The players learn 
quickly that a knowledge of place value is an imponant advantage when the two 

numbers are close to each other. ■ • i 

There was also improvement, though not as significant, in students undcr- 
staiKiing of the effects of multiplication. One of the teaching smitegies was to in- 
volve the students in a game called Target". Here are the mles. ' 
I Plaver 1 enters anv number onto the calculator. 

2". Player 2 has to multiply this by another number so that the answer will be 

as near to the target number, 100. as possible. 
\ Plaver 1 then multiplies this new answer, trying to get still ywanr to WO. 
4. The' players take turns until one player 'hits" the target by getting any 

number between 100 and 101 on the calculator display. 
Crcswell and Vauahn desiuned calculator .uaterials to teach decimals and 
percems. over an eight-wcek period, to ninth-grade general mathematics stu- 
dents On a posttest measuring the level of achievement over the eight weeks, the 
calculator group scored significantly higher than a group working during the same 
period with a standard textbook. (9) . , t , , . i 

Ninth-rade general mathematics was also the focus of Toole s calculator study 
For six months, students were taught as usual, with the exception of one day a 
week when they used calculators. In the six months between pretests and post- 
tests, the students gained eight months more than a similar group who used no 
calculators. The breakdown into subtest gains was as follows: 7-month gain m 
computation. 5-montii gain in concepts. 1 -year gain in applications. (.7 

Microcomputers also promise help in remediation Howe and his colleagues 
conducted a study of the effects of integrating the teaching of programming in the 
LOGO langiiaue into a remedial mathematics program for middle-school stu- 
dents. The researchers supplemented the students' normal quota of "'"thematics 
work with microcomputer work one hour per week. Programming in LOGO was 
tauttht during the first year; mathematical applications of LOGO were taught the 
second year. At the end of the experiment, the LOGO students were marginally 
better than their non-computer peers in algebra topics like solving for v and form- 
ing equations. Considerinu the growing evidence of the importance of student 
• awareness, thinking, and discussion in remedial classrooms, perhaps the most 
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sigmficaiu rcisuU ot ihc .siiul> \sa>s ilic observed greater propcnsri) of ilie experi- 
mental >tiKlentb to di5>LU>5 inatlieniatkiil ii>haeb and tu explain tlieir own niathe- 
niatieal difficulties. (15) 

Conclusion 

Re.scarcti that touthcs on remediation in scLorular) .school inatlieniatics leads 
to one overriding Lontlubion. in order to Lorrctt and improve students' niadie- 
malical learning, it ls uot enough to LOiKentrate an isolated mistakes or on iso- 
lated skills. 

Short-term efforts produce, at best, short-tcnn effects, and \vc niatlieniatics 
educators must aim tor effects that List longer. Tlie teachmg that will produce those 
effects nuist include careful observation and diagnosis of the sources of mathe- 
matical difficulties and efforts to cluinge remedial students' thinking skills and their 
wavs of approachmg mathematics, as well as efforts to remediate their skills in 
finding coireel mathematical answers. 
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PROBLEM SOLVING: THE LIFE 
FORCE OF MATHEMATICS 
INSTRUCTION 

FART ONE 




Many of my students make quick attempts to solve problems. 
Whenever the attempts fail, they just as quickly give up on solving 
the problems. What are some of the underlying reasons for this 
tendency? More generally, what sets apart persistent and successful^ 
problem solvers from unsuccessful problem solvers? 



Problem bolving ib ihc dircLiion toward which all maihcmaiics insiraciion 
should pomi. with icachcrs al\va>i> alert tor opporiuniiies lo widen, deepc/n. and 
Clinch iheir siudenb' problem i.oKmg abilii>. Problem solving is. unde/sianda- 
bl>. one ol the major concerns of secondar> school maihcmaiics teachers, wiih 
close lies 10 all of llieir oiher curricular concerns. Thus, ii is also a'lheiue ihai nms 
through all of these ReMinh Within Reach chapters, touching .some topics di- 
rectl>^as in the mse of geometric proof, and touching others indirectly, as in the 
discussions about estimation and remediation. / 

' As a lopiL for research, problem solving has aroused intense interest among 
vm'icd groups. The results, opinions, and speculations of rescaaliQrs Writing about 
problem soKmg fdl volunics. Often the questions they have raised and the tasks 
ihc> have undertaken seem far removed from the classroom For example, what 
role does memorv pla> in problem solving, and how should intomation be or- 
ganized m memo'r) lor use m problem solving? What can be learned from the ar> 
uticial latelligenLC of sophistiLated computers about the efficieiit organization of 
mlormation fpr solvmg mathematical problems? What arc th^ relationships be- 
tween nuuhematical problem solving and problem solving in ^ther areas- for ex- 
ample, in science? / 

Other reseaahers have studied the numerous aspects of (he classroom teach- 
ing ol problem solving. lroniLall>. the widespread niterest in/m^blem solving raises 
a problem for teache^. how to extract from the mass of articles, reports, and books 
on problem solv ing w hat is most relevant to their Llassroohi mathematics instruc- 
tion. The teacher uhose question heads this report has focused on a very basic 
Lonccrn m problem solving instruction, students not t((inking through, or even 
about, the mathematiLal problems the> encounter That this condition is wide- 
spread was Lonfirmed b> the most recent National Assessment of Educational 
Progress iNAhP) in mathematiLS. which revealed that mjiny students attempt to 
appl> a single operation to all the numbers in any problem they confront, even 
numbers that are extraneous to the solution. Thus, nearly a quarter of the thir- 
teen-year-olds tested solved the following word problem by multiplying 2^5 
X 52 = 520. '^Onc rabbit eats 2 pounds of food each week. There arc 52 weeks 
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in a yciir. How inucli looil will 5 rabbits cat in one week?'' Another exercise asked 
the Jludenis to decide un missing information. '^Maria left at noon to take a trip 
on her bicycle. She rode 5 miles each hour. Later that afternoon, Amanda de- 
tided to go after her. Amanda rode 10 miles each hour. What else would you need 
to knovv^in order to find our how far the two girls rode before Amanda caught 
Maria?" More than half of the thirteen-ycar-okls and almost a third of the sev- 
enteen-year-olds v.ould not identify what additional information would be needed 
to solve the problem, (4) 

In light of the NAEP results and the allied concerns of the teachers who were 
interviewed for Re^scanh Within ReaJi, Seiondcin School Mathematics, this 
chapter and the one that follows have one primary focus What can secondary 
school teachers do to expand and enrich their students' thinking about mathe- 
matical problems? As a first step, we discuss what is known about students' thinking 
as they face mathematical problems. 

In this discussion a '^problem" refers to a situation 'Mn which an individual 
or group IS called upon to perform a task for which there is no readily accessible 
algorithm which detcnnines completely the method of solution (13 /p 287) hus, 
problem sol\ mg refers to new terrain for an individual, where no inuuediate path 
to soKuion appears. According to this definition, a tcxtbopK word problem may 
or may not be a problem for a particular student. depcndinVt>n wncihcr that stu- 
dent has a routine procedure that can lead directly to a solution. 

Students' Thinking Processes 

Researchers have been able to learn much about the thinking used by prob- 
lem solvers. In briel. students' success at problem solving seems to be affected 
by their cognitive development and by their previous experience in. and impres- 
sions of. inatheinatics. Successful problem solvers have much in common, but 
they can dilfer from one another m their styles and approaches to problcnis Fi- 
nally, students can improve their problem-solving performance by attending to 
appropriate guidelines, m particular. Polyas four phases of good problem solv- 
ing" (l()» 14,^16) 

I understanding the problem 

2. devising a plan 

3. carrying out the plan 

4. looking back at the solution 

These conclusions are the results of many studies over the last couple of decades, 
studies that used a variety of research methods. Observation of individual prob- 
lem solvers at work has been used extensively, and techniques are now sophisti- 
cated enough to allow for observation of whole groups. Interviews of problem 
solvers during and after problem solving sessions have formed the core of many 
studies. Other suidies have v.ompared different instructional approaches to prob^ 
lem solving, then tomparvd the pmblem solving performance of students after the 
instruction. 
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Attempts to rcUitc problem solving abihlv to other.6)gnitivc abilities— such 
as spatial ability— have yielded fevs firm conclusions abotit the nature of problem 
solvm?. except to suggest that problem-solving ability is not a single trait That 
IS. ditrerent mixtures^of abilities are needed for different classes of problems ( I ) 
Pwblem-solvmg ability and computational ability have been found to be related 
lor younger children, but they are only remotely related for students of college 

age. (13) - , 

Comparinu the bchaviois. thought processes' and strategies ot s-iccesslul 
problem solvers with those of less .successful problem solvers has yielded some 
promising rc.siilts. In recent years, this approach has grown more useful because 
observation techmques have been developed that can capture some of the subtle- 
ties of successful problem solving. Thirty years ago. before the techniques were 
developed and long before NAEP underscored the faulty thinking of unsuccess- 
ful problem solvers, Bloom and Broder conducted a study of problem solving 
among college students and were able to pinpoint some of the differences be- 
tween good and poor problem solvers. (2) They noted some of the same phenoni- 
emi that arc evident from NAEP. For example, unsuccessful problem solvers spent 
little time considering questions but chose answers on the basis of a few clues, 
such as a feeling, an impression, or a guess. In contrast, good problem solvers 
pulled key ideas\)ut of problems and brought relevant information to bear on the 
problems, pcn-r problem solvers did not. even though they often knew the needed 
information. In short, good problem solvers were much more active than poor 
problem solvers. In a recent article discussing the Bloom-Broder study. Whim- 
bey has sugsicsted that there are "'two major characteristics that distinguish suc- 
cessful from unsuccessful students, the step-by-step approach; and carefulness— 
the concern and quick retracking when ideas become confusing, the rechecking. 
reviewing, and rereading to be sure that errors haven't crept in. that nothing is 
overlooked." (21. p. 561) . 

This research led to studies of the thought p, cesses that set successful prob- 
lem solvers apart. The model for much of this work is that proposed by the Rus- 
s.an researcher Krutctskii. whose observations of gifted mathematics students led 
to his conclusion that a major difference between good and poor problem solvers 
lies m their perception of the important elements of problems, In particular. Kru- 
tctskii noted the following about problem perception: 

1. Good problem solvers can distinguish relevant from irrelevant information 
m problems. 

2. Good problem solvers can sec quickly and accurately the mathematical 
structure of a problem. In fact, talented problem solvers have what Km- 
tetskii termed a mathematical frame of mind, that is. the tendency to im- 
pose a mathematical structure on their perceptions of the world. 

\ Good problem solver, can generalize across a wide range of problems, Thus, 
they might recognize the comparison of similar triangles as a common thread 
that runs through a variety of problems, and .so would be inclined to look 
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for that thread \i\ many geoiuctric problcivjs, 
4. Good problem bohei^ tcin remember a problems mathematical structure 
lor a long timc^ Thus, if a good problem solver has solved, or seen solved, 
a problem \\\ which two or more <»imilar triangles are compared, and if the 
saiiie problem is posed agam several weeks later, he or she will be in- 
chneJ to recogm/e ^|mckl> that similar triangles are involved (1 1 , 13) 
I hough good pioblem soKeis ha\e characteristics in common that set thcni 
apart Irom less siittesslul problem solvers, research shows that there is plenty of 
iXK^ni tor mdivKlual st>les m problem-soKmg In fact. Kmtctskii found some"'yery 
Lapable ' students m mathematical problem solving who could work only in a 
synibohc mode, wlnle other e^|uall> capable students eould solve problems only 
through die use ol diagrains and pictures. The students went to considerable lengths 
to use their prelem^d st\les, even on .problems where Kmtctskii did not think them 
appropriate, il.ll) Seveial North American researchers have produced similar 
lindings. I or example. Silver asked eighth-graders to separate a collection of 
problems uito categories of problems which the> judged to be niathematicaMy re- 
lated. I he stud) confirmed a relationship between students' perceptions of math- 
ematical stmctiirc in pioblems and their pmblem-solving competence Specifically, 
unsuccesstui problem solvers were more inclined to sort problems according to 
question iorm, contextual details, or the presence of a common concept than ac- 
cording to mathcMnatical structure. I'oi example, the two problems below are not 
closelv related in mathematical structure. The first involves a direct application 
ot lea'st common multiples where time is the unknown quantit) and the second 
involves an equation in one variable where the number of students is the un- 
known. Both problems do involve time, however, and Silver found that unsuc- 
cesstui problem solvers weiv more inclined than successful problem soIvcin to group 
two sueh problems together as mathematically related. (18. 19) 

A. Nickolai and Natashe are trained *:ircus bears who perform their act while 
riding bicvcles around a circus ring. Natashe can complete the ciicle in 4 
minutes, but it takes Nickola. - ^ Canutes to make the entire trip They start 
at the same pomt, and their a^t i.> when they again reach the starting 
point at the same time. How long does their aet.last? 
li. Then: aiv S bo>s and 16 girls at an eleventh gn^de committee meeting Bvery 
lew minutes, one bo\ and one girl leave together. How many boy-girl pairs 
must leave so that there are exactlv three times as many girls as boys left 
at the meeting? 

I here are oihei characteristics that set successful problem solvers apart from 
unsuccesshil pmblem solvers. For example, the range of strategies used in solv- 
ing problems appears to be important. Webb worked with forty high school stu- 
dents on an individual basis, asking them to think aloud as they solved a series 
ol problems iroin algebra, geometry, and analytic geomcti>. The interview data, 
matched against the students' problem solving performance, led Webb to con- 
clude that better problem solver^ use a wider range of strategies and technic|ues 
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tlKHi do poorer problem solvers. (20) 

Goal-Oriented PImining 

Rellectiim on her o\mi research and on the research of others. Kantowski re- 
ported that uoal-oricnted plannuig ib closel> related to successlul problem solv- 
infi m aieas where it has been closelj studied, namely, in geometrv' and m ninnbcr 
tlicor>-. Goai-oriented planning refers to several tliought p.ocesses- identifyuig the 
iioal ot the problem, identifymg intermediate goals, if the ultimate goal cannot be 
reached directly, setting down a plan of attack-possibly throiig,h trial-and-error. 
making a table, or searching for a pattern. (8) 

Goal-oriented planning is akin to what is called " "thinking through piob- 
(ems." Research confinns that it is an important part of problem solving, But how 
can teachers nurture t>oal-oriented planning among their students as well as other 
important parts of problem solving? Before proposing strategies, it is important 
to take note ot some o! the obstacles to problem solving which many secondary 
school students face . 

riie first obstacle to consider is cognitive development As we discuss m the 
chapter - Individual Differences Among Mathematics Learners." " many tecnag- 
en> are slow to develop cognitively into the stage called the fonnal oixMiitional stage, 
wherein conditional thinking fif-then" thinking) comc>^ more easily to them and 
they are not forced to -center" on single thoughts or variables: that is. they can 
hold two or more variables in mind at the same time. Several Soviet studies have 
coiifinned that si(ch centering does exist even among older teenagers, and Lesh 
pointed to the bearint; this might have on traditional classroom problem solving: 
"I-or example |XMns readiutt a new mathematics text for the riD.t time will center 
on some pomts and neglect others, and they will reinterpret and perhaps distort 
mans ideas to fit their previous conceptualizations of the subject/' lluis. an m- 
clmation to center might be one obstacle to students" thinking through mathe- 
matical problems. (12. p. 159) 

Another possible obstacle, alluded to by Lesh. is a student's previous math- 
ematical expenence and the conceptualization of mathematics that grows from that 
experience. Tor many students this conceptualization leaves little room lor think- 
ing dirouuh problems, based as it is on memorization, regurgitation, and the con- 
viction that the sole puipose for doing any mathematical p«)blem is to get the right 
answer and. lurthennore. that for each problem there is only one right way to reach 
the answer. Almost 50 percent of the thirteen- and seventeen-year-olds in the re- 
cent NAhP asses.sment agreed with the statement. ••Uaming mathematics is mostly 
memorizing:" almost 90 percent agreed with the statement. "There is always a 
rule to follow in solving-tnathematics problems." (4). 

rins narrow and distorted conceptualization of mathematics is widespread 
anions secondary school students. It is a phenomenon we deal with at length in 
(lie chapter • Comnumicaung Mathematics" and "Individual Differences Among 
Mathematics Learners." Lochliead also touches on it in his discussion ol the 
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Bloom-Bruder ^Uidv lUcU earlier. He cniphasi/es espctiall) the coneliision that 
guud problem bulvers. quite Miupl). </<> more than poor problem solvere more 
planning, more eheeking. more reviewing, and i>o on: 

I he inaLtiMt) ol poor probIv*m .soUcrs could bo alliibuicd to la/inebs but there 
IS an aKernali\c explanation. Poor prublem 6o!\ers are lobs aen\e Iweausc they 
do not behe\c there is an\ihmg for thcin to do. Their \ie\v oriwiii problem buKing 
and leariung plate}* ihem in tlic pasMve role of absorbing information and re 
peating it b»iLk. They ihink >uu either know the answer to a question or you do 
not. 1 15. p. 2) 

kaiuowski biiw Mgns of the same phenomenon in her research. In particular, 
.she had designed a teaching experiment that stressed se\eral problem-solving 
strategies with students. One was "looking back." whereby students were en- 
Luuraged. once they thought they had reached a solution to a problem, to re\iew 
what they had done, both with an eye toward checking and also toward sinipli 
tying the si»Kition. changing to a dilTercnt solution, or posing a new question Hie 
>tudents Used the other strategies that had been stressed, but there wa;. scant use 
ot looking back. Kantowski offered a possible explanation by pointing out that 
most students come to expect one solution iind one solution process for each 
problem and so see little sense in looking further, (9) As the NABP results cited 
above indicate. thiJ* narrow and mechanical appreciation of mathematics is wide 
spread among secondary level students. (4) 

it Working With problems beconics mechanical for students, with little un- 
derstanding ot underlying concepts, .some lundamental misconceptions can arise 
and iKiMsiVir a long time, in their study . Clement, et ai asked 150 calculus-level 
college stuilents to write an equation ibr the following statement; "There are six 
tunes as nian\ students as professors at this university/' An appropriate answer, 
ol course, is 6P - S. but thirty-se\en percent of the stuilcnts missed the problem 
and I wo-ihirds ol the errors took the form of a reversal of \ariables 6S = P In- 
ter\iews ot the students revealed what the researchers called a "sell generated, 
stable, and persistent misconception concerning the meaning of variables and 
equations." Asa result, when the format of a problem fails to fit the mechanical 
pri)cesses these students have come to depend on. their skill in dealing with 
mathematical problems begins to crumble. (6) 

I he alternative to having students rely oi> mechanical approaches is to de- 
velop in them a variety of problem-solving processes from which they can draw, 
ilepeiuling on what is most appmpriaie for [kirticular problems. Unfortunately, the 
quahiy ol pioblems usually encountered in the classroom tends to make this nl- 
ternatlv'. less tc*!sible than a should be. Days and his colleagues comparexl the 
problem-solving pn^^^esses used by eighth-graders who are form;d operati(Mial 
thinkers ^vith those used by eighth-graders who are still concrete operational 
thinkers. In pailicular. the> comptired the processes Used on problems with sim- 
ple and complex structures: (7) 

hxiimple I . Simple strut utn\ A cow and pig together cost 56 dollar. The cow 
cost 30 dollars more than the pig. How much does each cost? 
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Hxanipio 2: Co»,pla sl'mlwc. Jcif bouglu 5- oranges and 10 apples tor SI. 65. 

An apple and an orange together eost 20 cents. 1 low nuieh docs 
■ one apple cost? How much does one orange cost? 
The researchers discovered that on the complex structure problems the formal 
operaticial students^ used the following processes not used by the others: dcduc 
tive reasonnig. use of successive approximations, estimation, checking of con- 
ditions, checking of manipulations, and checking by retracing steps. On the simple 
structure problems, however.-both groups tended not to ditter in their use of 
processes-for example, they drew diagrams and tried to recall similar prob- 
lems. The re^searchcrs made the following comment about the comparison: (7. p. 
144) 

The fact that the concrete and formal subjects for the most pari did not differ in 
process use on the simple structure problems suggests that the simple structure 
problems mav not havc (^oked the use of -high level" processes. If this was the 
case, then many textbook problems probably fail to elicit the use ot "high level 
processes, ajso. The latter statement is based on the fact that the simple structure 
problems were typical of many of the problems found in scventh-and eighth-grade 
mathematics textbooks. 

Like the popular textbooks.'l-ominercial problem-solving tests are also a long 
wav from emphasizing appropriate problem-solving processes. In particular. Za- 
Icwski reviewed commercial tests to gauge their value in studying problem solv- 
ing. (22.) He found them nor to be very valuable in such studies tor thre^e reasons: 
Commereial tests overemphasize story problems, 
b. Sconng focu.sc^ on correct responses only, not on the processes used by the 

problem solvers. ' 
c The tests are tied to time limits which are too short. 
Several problem-solvmg projects have produced activities, appropriate at the 
middle schooland junior high school levels, which are designed to encourage the 
use of what Davaand colleagues.call "high level" processes Interested teadK 
ai those levels can enlist the aid of the projects. (5.17) Teachers at all levels can 
benefit from the suggestions and problems in the National Council Teachers of 
Mathematics (NCVM) Problem Solving Yearbook. (10) 

Conclusion 

Some diffeiences between successful and unsuccessful problem solvers, then, 
are clear. Successful problem solvers are more active, use niore problem-solving 
processes and strategies, and have a different impression of and appreciation of 
The experience of learning mathematics. "Part 11 ot Problem Solving: 1 he L. e 
Force of Mathematics Instruction" looks more closely at the role of teachers .n 
making these qualities available to all students. 
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How can teachers increase their students' ability and willingness to 
stick with solving problems, io think problems through, and to 
appreciate that alternative methods of solution do exist for most 
problems? 



Thib IS the hCvond of two chapters on problem solving. The Inst chapter 
^kel<.hcd a profile oi the kmds of thinking involved in both good and poor prob- 
lem solving The following table lists bricfl> the highlights of that sketch. 



Successfiil Problem Solvers . . . 

1. do more . re-reading , leeheck- 
ing, reviewing. 

2. are able to pull key ide*is from *i 
problenu to distinguish between 
relevant and irrelevant mfornia- 
lion, and to bring relevant infor- 
niaiion to bear on a problem. 

3. exhibit goal-oricnied planning — that 
is, they identify a solution and a plan 
of attach. 

4. use a wide variet) of problem solv- 
ing processes » including estima- 
tion, recalling suuilar problems* 



|)erccive the mathematical struc- 
tures of problems 



Unsucccwsful Problem Soh ers . . . 
L proceed on the basis of few clues. 

2. often know what is relevant, but 
even when they do, they do not 
bring the information to bear on 
solving problems. 

3, do not. as often or as well. 



4 tend to appl> one operation in the 
solution of a word problem to all the 
numbers in the proDlem They per- 
ceive mathematics as primarily 
based on meniori/ation. 

5 tend to focus on question form or 
context (e.g., time problems or 
di.stance problems). 

6. cannot, as well 



7. cannot, as well. 



() can remember the mathematical 

structure of problems. 
7. can generalize across problems, 

seeing m^athcmatical threads. 

rhKs chapter desaibes what teachers can do to affect tlk th and quality of 
their students' thinking about mathematical problems. In ap^uoaching this in- 
slractional cliallengc — perhaps their greatest— teachers need to be aware of two 
things. First ol all. rest\«Ji is<.lear in con<,luding that students of all ages and all 



ERiC 



Problem Solving II 



achievomeni levels uin be indiiLoJ to assume iuan> of the behaviors and thought 
processes associated wuh effective problem solving, often, their problem-solv- 
uig achievement scores will improve at the same time. 

" Second, m order to improve student problem solving, teachers must integrate 
problem solving w ith three instructional roles. the\ must mcn/W some aspects of 
problem solving, the> must UaJi dirccti) some aspects of problem solving; and. 
finally, they must fiu ihtate some aspects of problem solving 

Modeling Problem Solving 

Teachers must model pioblem soh ing for their students, who should see their 
teachers posing problems, active!) using strategies to push them through to so- 
lution, and then posing new problems that spring from the ones just solved As 
models, teachers need to be alert to the values the> comnumicate to students In 
this ixigard. Lester has written. "Problem-soKing instruction is most effective when 
students sense two things, t i) that the teacher regards problem solving as an im- 
portant activitv and tZMhat the teacher activel) engages in solving problems as 
a part ol mathematics instruction/' ( p. 43) The recent work of Lochhead and 
Whimbev leads to one additional value to be communicated (3) that the teacher 
values each student as a problem solver^that is. wants t know and accept the 
thought processes each student applies to mathematical problems, regardless of 
how much refinement those processes seem to need. ( 18.19.20) 

Thus, belore students can learn to be good problem solvers m the mathemat- 
ics classroom. the\ need someth-ng more than direct instruction They need to 
see teachers uKKlelhng appropriate behaviors and they need to sense in their teachers 
appropriate attitudes about problem solving. Schoen and his colleagues con- 
ducted a studv to evaluate the effecti\eness of problem -solving materials they had 
developed for grades 5 through 8. The> found some corroborating evidence about 
teacher attitudes, namel). that a teacher s attitude toward problem solving was re- 
lated positiveK to the problem-solving abilit> of that teachers class (26.27) 

Teaching Directly 

Certain aspects ol problem solving are appropriate for direct teaching For 
example. Vos conducted a study in w hich he taught sixth-, seventh-, and eighth- 
uraders three techniques to be used to organize their approach to problems* draw- 
ing a diagram, approximating and verifying, and constructing a chart lie found 
that not only did the students use the techniques once the> had been taught them, 
but there was also a relationship between the careful use of the three organising 
techniques and success in problem solving. (32) 

Such specific techniques are called tool-skilh by researchers, and they arc 
problem-solving prerequisites, the groundwork upon which effective problcm- 
soKing strategies can be built. Included with the three just mentioned should be 
ihc tool-skills of writing an equation, using a formula, and making numerical es- 
timates. The results found bv Vos and mennoncd in related research recommend 
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the teaching and regular reinlufLcmcnt ui these skills as meLlunisms for students 
to use to attack problems in the n)Ost organi/cd fashion possible 

Bel! and hi5 colleagues discoven:d several interesting things about the strat- 
egy ot drawing diagiams. The> conducted a stud) ofsecondar\ level students' 
dmiLUlties with word pmblems mvoUmg deLimal numbers (2) In the first stage 
ol the studv. the researLhcrs interviewed students between the ages of 12 and 16, 
asking them to work on a set ot problems and watching for miscoiKX-ptions that 
arose'and what strategies, if anv, the studetits applied. The last stage of the study 
involved Uie use of caiculator-enrichcd teaching materials designed to remedy the 
identified misconceptions. 

During the interviews the researchers eiKOuraged the use of diagrams as aids 
in solving the problems. Ilie .students' skills in making appropriate diagrams were 
extremel) Imuted. In tact, all of the students werc "complctel) unfamiliar with 
ttie notion ol using an abstiact diagram to enable them to decide which particular 
arithmetic operation is appropriate." (2, p.407') Diagrams drawn by the inter- 
viewers, however, were found to be useful for three reasons: 

riiev removed the words from the problem and were then able to be used 
as an independent, uncluttered statement of the problem. 
They enabled the students to estimate solutions. 

Thev frei|uentl> kd to a possible strategy for solving the problem, but this 
was rarelv one ol the ''standard" a^orithms. (For examjile, diagrams often 
led pupils to choose repeated addition in preference to multiplication ) (2, 
p. 408) 

Part ot the study's last phase involved training in drawing appropriate dia- 
grams Though it proved to be a difficult strategy to use, diagramming served the 
students welfm clarity ing problems^-for example, in inducing discussions con- 
cerning whether oi not the operation to be performed vv as dependent on the num- 
bers involved in a particular problem. The example below illustrates how one 
student used a diagram and a calculator to solve the problem: 

,\ marathon is 26.22 miles long. Frank Shorter runs 1 1.9 miles per hour in a 
marathtJn How long does it take Imn to complete the marathon'^ 
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Heumtics are moie dircn probleiu-soKmg strategies A L\)mmon defiiution 
IS the lollowmg. 'A heuristK is a general suggestion or Strateg), indepentlent ot" 
subject matter! that helps problem solvers approaeh, understand, and'or cfH- 
cientK -marshal their resources m solving problents." (28, p. 315)) Some of the 
more commonly disLUssed heuristiLs have alread> been mentioned or alluded to 
in this report, goal-oriental planning, tnal-and-error, searching memory for sim- 
ilar problems, searching for patterns, uorking backvvard using a known objective 
to construct a solution. looking back and posing a new yet related problem in the 
past ten or fifteen years there have been numerous studies auucd at deternuning 
the ettectiveiiess of tcavhing the use of such heuristics. Generall>. the results have 
been positive. For evaniple. i-ucas conducted an intricate study of the effects of 
heuristics teaching on the pix)bleni-sol\ing skills of college calculus students His 
results, probabirapplicable to scLondar) school students as well, indicate that 
students who were taught heunstiLS regularl> and in a variety of contexts, and who 
were reinlorLcd in their use of heuristics, approached problems in a more orga- 
ni/.ed tashion than students who were not given * '-h training. (21 ) Going a bit 
tarther. S^hoenteld has learned from his research that in order to benefit from 
heuristiLs trammg, students need to be taught not only how to use heuristics, but 
yvlivn (28) nms. for example, scaahing for a pattern is appioniiatc for some types 
01 problems and not foi others. As the> develop pattern-searching as an approach 
to problem >olvmg in then students, teachers should also discuss with them the 
proper contexts in which the strategy should be used. 

As a he eristic, trial-and-error is popular, especially among novice problem 
solvers, aiid can be a building block for the other heuristics Webb s research has 
established that tnal-and-error is valuable as a process supplementing the use of 
equations, but that it loses its value as a problem-solving aid if it is allowed to 
replace the use of equations. (34) For example, word pioblems that mvolve only 
whole number^, like the tollowing pmblem. tan often be solved through trial and 
error. 

Sam has a roll o! fne-dollar bills ihat still leaves him 10 dollars short of pay- 
ing a ^X)-dollar grocery bill. How many five-dollar bills docs he have"^ 

No matter how adept students become at sol\ ing such problems through trial 
and error. the> will probabi) falter ^\mM) in the face of similar problems that 
are not restricted to whole numbers, unless the> arc skilled in setting up and us- 
ing equations 

Sam is walking 5 nvi?es an hour in a 90-mile hike. How long has he been 

walking when he stops to camp 22 miles from the finish? 

burthcnnorc. teachers need to be gencrall> cautious about trial and error It 
is usetui, but It can overstay its welcome. Kantowski has stated that ' 'without some 
mstruetion (in heuristics) students generally revert to trial-and-error in solving 
problems or do not attempt to solve them at all." ( 10. p. 1 3) 

One other aspect of mathematical problem solving should be taught directly 
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btudeiUs need lo learn thai reading nialhcnuitkal word problems is ditTerenl from 
reading urdinar> probC. Often niulliple readings arc a\|uired, with allciition bei?ig 
paid to vocabulary and relationships among variables. ( 1 ) 

In one recent "studv, Cohen and Stover asked gifted sixth-graders to identify 
what they thought were some LharacteristiLs of word problems that are most dif- 
tuull lor average mathematiLs students. The researchers >,elected three of the most 
frequently mentioned: 

a. the absence of a diagram: 

b the presence of extraneous information: 

L. the presentation of numbers in the word problem in an order other than 
that required for the appropriate computational solution. 
In the second part of the stud> the researchers were able to conclude, by - 
mg a word problem test to a group of average sixth-graders, that these three var- 
iables did indeed affect the d^iftlcult) of word problems for average students In 
the thiul and tinal part ot the stud), Cohen and Stover showed that students can 
be trained to adjui>t word problems to decrease the difficulty rcpresetued by the 
three variables. In the words of the researchers: 

instruction consisted sinipl) of alerting students to the fact that thev should 
check to see it a word problem could be diagrammed, or if extraneous infor- 
mation could be extracted, or if numbers needled to be reordered This was 
then tollovved b> drills in which each treatment group practiced the modifi- 
cation , . That training lasted only three class periods; the differences be- 
tween expeninentals and c*onta)ls were, nevertheless, substantial (7, pp 194- 
95)'' 

Although this study concerned sixth-graders, secondary school teachers can 
adapt the techniques to provide the same sort of experience in anal>/ingihe read- 
ing ot mathematics Another suggested technique is to have students compose, 
and then solve, their own word problems. 

Facilitating Problem Solving 

Some aspects of problem solving should not be taught directly Rather, they 
must grow m students troni their encounters with problems and from ilKMr class- 
room interactions with then teachers and peers. Goal-oriented planning is an as- 
pect ot problem solving that needs to be nurtured in this wav. It must develop in 
prohlcni solvcis trom a grow mg awareness in them of the nature of mathematical 
problems and ol then own thought processes as they approach problems The re- 
search ot Lochhead and Whimbe> and of others has confirmed that a student s 
choice ot method in approaching a mathematical problem is not always con- 
scious—'mdeed, often it is quite unconscious— and so awareness is criucal to that 
students success. (i8,i9,2()..^5) 

Perhaps the greatest h)Ost a teacher can offer students toward developing such 
awareness is a classroom environment where the> are regularly encouraged to 
xerhahzv their problem-solving experiences. Putting words to ones thinking often 
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brings that thuikinu lo the Li)nsLiuu> level. onl> then can a problem soKer eval- 
uate and retmc the tethnique^ u^ed io solve niatheinatical problems In one re- 
search stud), students who were abked to vcrbalre what strategies they had used 
on a piaclice set ol problems were mi)re sULcesst'ul on a subsequent set of related 
problems than students who had m)t been asked to put their strategies into words 
(22) 

The researchers ol the Iowa Problem Solv ing Project designed another tech- 
nique to heighten students' awareness of appropriate strategics for solving word 
problems- (26. 27) In essense. the technique adapts Polvas four stages of prob- 
lem solving 1 25) to a training program designed around calculators and a set of 
problem cards, each of wIiilIi v.ontains a problem and a set of questions The stu- 
dents, irom grades 3 through S. work in pairs or the cards and are expected to 
attend to each of the four stages in turn. It is the lu)pe of the researchers ihat the 
lechnKjue will provide "a language whercb> students can communicate what tlj^ey 
aro doing and where thev are having difficulty as well as a general framework for 
attacking a problem (27. p. 7) Here is an example from one of the cards: 
^ A oncnlollar bilK a ten-dollar bill, a 20-doIlar bill, and a 5()-dollar bill each 

vveitih about I gram. Of course \ou would rather have 10 grams of $ 10 bills 

than lU grams ot one dollar bills Which of these two bags would you rather 

have* 




A. 20 grams of SIO bills 
40 grams ol SI bills 
40 iirams of $20 bills 




B. 15 grams of $30 bills 
70 grams of SI bills 
2aiirams of SIO bills 



What does one 20-doriar bill weigh? 

Will your answc'. be a number of 
grains, a niimlKr of bills, or one of the 

bags? 

How will you find the amount for 
bagA? 

Find the value of the money in each 
bag. 

Did you find that both bags contained 
more than SLOOO? 

Write a problem sumlar to this one. 

In a compansor. between a group working with this training program and a 
.aa\'ip.vJ't MuUenls in a traditional program, the researchers found that the progr; 



I Get to know the problem. 

2. Choose what to do 
3 Doll 

4. Look back over what was done 
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produced an alliiude toward soKmg word problems thai was significantly luore 
favorable than the attitude m the traditional group. (27) 

Bloom and Broder had unsucxessful problem solvers work m small groups with 
tutors, lakuig turns soKmg problems out loud and reading the solutions of more 
success !ul problem soKers, The researchers reported that the students generally 
became more aware ot the gaps and inadequacies m their own thinking, they rcad 
problems wuli more care, and they reasoned more actively anci mo»*e accurately 
(3) 

Inspired b\ the research of Lochhead and Whimbey, Whimbe> has developed 
an approach to learning problem soKing in which students work together in pairs, 
one student soKing the problem out loud, the other student checking on the ac- 
curacy ol the worCand msistmg that the first student keep verbali/ing Further 
,jx;.sean;h needs to be done to detennine the program seffectucncss. which Whimbcy 
maintains does not teach a method of problem soKmg. but rather develops ccr- 
' lauiauitudes. including: 

1 a taith ui persistent systematic analysis of problems; 

2 a concern tor accuracy: 

3, the patience to employ a step-by-step procedure. 

4 an avoidance of wild guessing. 

5 a deternunation to become actively involved with a problem 

(18 35) 

In real problem-solving situations outside the classroom, good problem sol- 
vers do not always work in isolation. Quite often, they are very good question- 
askers who thrive on talking through solutions to problems Learning to a^k ap- 
propriate questions about mathematical problems is not a simple task for many 
people. Recogni/ing this. Lesh has recommended small group activities in the 
classroom. espccialK for less successful students. In his words. '^Many individ- 
ual problem solving strategies arc quite difficult for average or below -average ability 
y ounti.sters. But. vvhen these internal processes are externalized in the context of 
siualfiiroup activities, they are often easier to describe in a form that is under- 
standable to lower abilitv problem solvers." (15. p,157) Small group activities 
monitored bv the teacher can free students from narrow, perhaps even distorted, 
vvavs ot looking at a problem and help them to see the problem in a new light 

Kantowski suggests another technique to facilitate deeper thinking by stu- 
dents about problems, posing problems with missing information, followed by 

' questioning the students to categorize the missing information (12) In general, 
as the NAEP reviewers were firm m recommending, a steady diet of teacher heu- 

• nstic questu)ns can do wonders to facilitate problem solving— for example, "Can 
the problem be solved with the given information?^*: "Have you seen a similar 
problem betore?" (5) Teachers can benefit from the materials of three piograms 
that have been developed to integrate the use of heuristics into problem-solving 
aelivuies (6.J4. 27) 
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Sources of Mathematical Problems 

In order to honor the ^uggcblions given so far ni this report, teachers must look 
beyond the boundaries of textbook woal problems Sevend >ears ago. there seemed 
to be icw -.ources ot such itul or non loutnic problems for teachers, but that sit- 
uation has ch;inged. Sources such as references 8, 9, 13, 23. 24 suggest prob- 
lems, w hile relerences 16 and 1 3 pro\ ide listings of further sources of problems 
Furthermore, there are no^v more guidehiies to help teachers develop their own 
problems. For example, research has shown that students can transfer problem- 
soh mg skill!>, such as the use of heuristics, from one problem to an other if the 
isso probleiiis are at least moderatel) related mathematically (29) Hence, teach- 
ers should support their instruction \\ ith sequences of related problems, provided 
they and their students do not get caught in the trap of working only in clumps of 
relirtei problems, a habit that discourages flexibility and encourages a rote ap- 
proach to problem sohmg. Using one problem to pose questions that result in a 
new problem is one wa) to constr\ict a sensible sequence of related problems In- 
terested teachers might find the work of Walter and Brown on problem posing to 
be a source of inspiration and an aid to,deveIoplng this skill, (33) 

Kaniov^ski provides a simple example of transforming a routine textl)ook 
problem into a problem that would be non-routine for man> secondary school 
students- The transtorniation from Problem I to Prol^lem 2 can serve as a model 
lor writing more advanced non-routine problems (12): 

Problem L Maria bought a hamburger for S.90 and a coke for $ 30. If the lo- 
cal sales tax is S^K how much change should sfie receive if she 
gives the cferk S2.00? 

I^)blem 2 Maria has exacth S2.00 and would like to spend it all on her lunch 
The menu includes hamburgers at S.9(), hot dogs at $.80, onion 
rings at 5.60. iknch fries at S,50. and colas at $.30, $.40, or S.50. 
The sales tax is 5Vf What could Maria have for lunch? 

Conclusion 

Among mathematics teachers, nothing evokes an appreciation of the reward 
and the challenge of leaching as much as problem solving When students who 
have done little more than memori/e and imitate in their previous years of school 
mathematics, begin to think about mathematical problems, the satisfaction for 
teachers is enoriuous^ While the research outlined in this chapter says clearly that 
such rewards are vvithin the reach of secondar> school teachers, it also leaves no 
doubt about the scope of the accompanying challenge. Teachers who want to im- 
prove their students' thinking about mathem:itical problems must employ an ap- 
proach to pioblem solving mstmction that is highly structured yet open-ended It 
must be structured to prov ide regular teaching of problem-solving tool skills and 
heuristics, the consistent modelling by the teachers of the behaviors and attitudes 
associated with good problem .solving, and a ready access to a variety of non-rou- 



78 



Prohieni Solvuii*: II 



vwc problems, Ai the >anic unic, the teai.hers and tlicir classroom environment 
must be open to students* bc».on)mg more aware of their own thinking and open 
to then cxpcnmentmii uUli that thmkmg in the context of mathematical problem 
solving 

In such a classroom environment, problem solvmg is valued as a process as 
well as a means to arrive at answers, and teachers should uKMude problem-solv- 
ing piXKCss with problem-solving achievement in their student evaluation To help 
uuhis endeavor, ivsearchers aie beginning to experiment with paper-pencil in- 
struments lor desaibmg and evaluating the processes used b> students in solvuig 
problems. In a report of his recent studv, Schoenfcid includes several such in- 
stalments and interested leathers can perhaps tiraw some guidance from them (20) 
I he aiXM ol develo|)nig wa>s to evaluate problem-solving processes is an exciting 
one and, m light of the research of Brandaii and Dosse>, which shows that dif- 
tereni probienis elicit the use of different thought processes and different heuris- 
tics (5), the area is also a challenging one. 

I-urther research should increase the excitement about problem solving For 
example, ixiseaixhers will build on the work of Silver (30,31), Schoenfcid (28,29) 
and others to clarity how pre viousi) -solved problems affect a problem solver's 
approach to related and unrelated problems. Novel instructional techniques, such 
as \Vhimbev\"> pair-problem solving, will be looked at more closely 

lMnally,'as we move well into the nineteen-eighties and both calculators and 
microcoinputers become readilv available in schools, technology will probably 
plav a iiRMter role in problem-solving research and instniction The research studies 
ol 'm\et uL and Schoen ct oL. cited in this chapter, speak well for the role of 
calculators. As for microcomputers, some educator, envision student-computer- 
leacher dialogues in which the students can experiment with new problem-solv^ 
mu strategies^, while the computer stands ready to provide hints and to remind the 
students ol the straieg) options which are available, and the teacher helps the sm- 
dents to integrate the newlv -practiced strategies into their broader experience of 
matheinaucs. (ID 

As with all ol the unfinished busincs,s ol' problem-solving researchers, we vyill 
have to wait to see how realistic this vision is. huhe meantime, it is a refreshing 
vision to hold onto, as arc all the visions this chapter may evoke of students thinking 
more deepiv about mathemancal problem^ because of their experience with 
matliemaucs in the classroom. 
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I know estimation is important, but except for rounding, I don't 
know what to do. Is there specific instruction in estimation that 
should be done? 



bstuualion has hckl^a raihcr sirangc plate in ihc curriculum Aliliough ii has 
appeared on numerous IksLs of unporiani skills, neither textbooks nor training 
programs have ^hown teachers how to teach it. \\hat to stress, or even why esti- 
mation ts'H) unportaat. Furthermore, because it is dimcult to capture all ol the 
thought processes ot a .person who is estimating the answer to a mathenuUical 
question, there has been relativel> little research done on the topic Lately, how- 
ever, usuiii research methods that make thought processes more accessible, sev- 
eral studies have appeared which scniluii/e estimators' thinking Their n:sults have 
unphcations for instruction. 

The Importance of Esthnation 

Why should estunatiiig with a sens^ uf reasonableness be considered a pre- 
requisite tor success m secondary school mathematics? One answer is that esti- 
mation IS a close cousin of problem sol vin^^, and problem solving is at the core 
of secondary school niathenuiucs. In fact, li:^fton suggests that estimation and 
meniai arithrnetic tmental arithmetic is exact cor.^putauon done without pencil and 
paper) probably help students to develop problem-solving skills because they 
provide practice m making mathematical decisions (10) ("How far off would I 
be il I rounded those two numbers to the nearest tens;": "Does this estimate take 
me above or keep me below the exact answer?'') Paulls research study revealed 
a correlation between the ability to estimate answers to numerical computation 
and the abilit> to solve problems by trial and error. (5) Trial and error is a very 
basic vet important problem-solving strategy because teachers can use it to help 
students build more powerful and more efficient strategies. The presence in the 
classroom ol estimatHMi as well as trial-and-crror procedures is a sign of a math- 
emaucally health) environment and there should be frequent opportunities for 
both.Many students fail to connect their clai>sroom mathematical experiences widi 
mathematical experiences outside the classroom. Reys and his colleagues inter- 
viewed good estimators and found that most of them thought of estimation as a 
skill learned and practiced outside the classroom; mathematics classes, in their 
view, always d(imand exact answers. (6) 
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11. as ma«> ediiuilors sus|)CLt. a reliance on paper-and-ixwil solutions bixieds 
thouiihtless, amonuiic and otlen nuslaken Lontpuialion on the pari of students. 
It \%o\ild seem likel) that a r$igular stress on estimation and mental aruluneiic could 
help students to break auav trun» such tluniglulessness While all the benefits of 
leachimi esnmatioa and mental arithmetic are not set known, the available evi- 
dence does point to an innuencing ot students aw as from thoughtlessness In his 
review t)f the relevant reseaich. Zepp points to the improved mathematics 
achievement among 6ih. 7th. and 8th graders that resulted from training pro- 
grams in mental arithmenc, (II) 

Buchanan points to four potential benefits that he sees la estimation instruc- 
tion, hrst. It can pr^xlucc a sei>e of reasonableness about computation; second, 
u can result in students having a greater appreciation for aumber size and the 
struciurc ot the number sNstem. third, since calculator useis can never be surc when 
ihcN vvdl hit the wrong ke\s. or if a particular calculator is totally trustworthy, es- 
lunaimg can complement the use of calculators; finally, as we've fioted above, it 
can facilitate the learning of problem-solving skills, (3) 

IVollle of CJood Estimators 

Just as profiles oi good problem solvers are emerging from recent research 
studies, a protlle ol good estimators has begun to take shape from the study by 
Revs and his Lolleagues. The research team selected a group of recognized good 
esumaiors (adults, as well as students from grades 7 through 12). observed them 
as liieN worked through several sets of estimation exercises, and then interviewed 
them to determine their thinking processes, their strategies, their attitudes, and 
other characteristics that set them apart from less successful numerical esti- 
mators, ib) The study helps to clarify the nature of good estimating and has im- 
poriani implications for preparing students for secondary school mathematics 

hirst ol all. the researcherJ^ isolated three kc> estimation processes from their 
observations and interviews: ^ 

1, I'ninslanon, Bv this process the estimator changesm* mathematical struc- 
ture or the equation into a more manageable torm.Thus. an unwieldy ad- 
dition problem might be more readdy estimated with a different structure 
imposed, sav multiplication 

87,419 
92.765 

%.()45 is estimated as 90.000 x 5 = 450.000 

81.974 
- ^98 J 02 

2. ReJormulutioiL Whereas the mathematical structure is changed through 
translation, retormulation changes the numerical data into a more men- 
tally manageable form, and the structure is left alone. For example, an es- 
timator might attack the five-number sum above by adding together the first 
digits of the five numbers (8 4-9-H9-f8'f9 = 43). and concluding 
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thai a icasunablc cstniialc v\oiikl be a bil more than 43(),()()0, sas 440 ,000 
or 450,000 

^ Cifmpt'Hsatum This is the process ot making adjustments to compcnsale 
tor the jnaLLuranes acLrued through translation or reformulation The last 
step in the previous example adding I or 2 to 43 —is an example ot com- 
pensation As another example, a good estimator might estimate the fol- 
lowing sum with sv)me Lompensatuig before the end of the problem 
73,655 

86,421 - Round all of the numbprs to 100,000 except the top one. 

,943 Drop this o;ie to make up for rounding the others This leaves 
%,5(H> ihe estimated answer somewhere between 500,000 and 
93.421 600,000 " 
106.409 

One strategy LonsistentI) used b> the estimators in this stud> is the so-called 
hont end straieg>/' In one of its variations it appears in the example of refor- 
mulation aK>vc. locus onK on the first digits, operate on those digits, then do what 
LUinpcnsation seems ncLCssarv to make the final estmiatc reasonable Maii> of 
the people in the stadv who used th^ front-end strategv both regularl> <ind well 
ct)uld not recall having been taugnt the strategy in school. 

Another strategx whith the stud> identified and which teachers should note 
was the use ot tonipalible numbers, or what some students referred to as "nice" 
numbers This is partitularlv appropriate in esUmations involving long division, 
traaions. and deLimals. For txample. fated with esti mating the answei to a problem 
like 2S)5657. many students would change it to 30)6000 and so estimate the an- 
swer as 200. In another example, students in the study were asked. 

Hie rhompson's dinner bill totaled S28 75 Mr. Thompson wants to leave a 
tip of about 1 5^^ ( About how niUeh should he leave for ihe tip?' ' 
Among the students in grades 7-10 vvho converted the problem to a fraction ap- 
proximation, those vvho changed 159c to I- were UKlincd to change S28.75 to the 
compatible S28 00. and therefore estimate the answer as x S28.0O = S4 00, 
while those who changed \57c to ' were inclined to change $28 75 to the com- 
patible $30.00. anil so give the still acceptable estimate of ' x $3().(X) - $5 00. 
Ihese students have learned that thev do not aiwavs have to aim for one right an- 
swer and that a varietv ot strategies vull allow them to sta> within an acceptable 
range of answers. 

Students learn rounding as a mechanical skill As is oficn the case with skills 
learned niechanicallv. mechanical rounding doesn't alwav s serve students well in 
real estimating situations. A much richer and more tiexibic form of rounding is 
the use of compatible numbers noted b> Re>s and his colleagues Buchanan also 
<irgues against niechanKal rounding, preferring rounding skills to be an exten- 
sion ol the concepts *T)-tween** and "closer", as in **346 is between 300 and 
400. but It IS closer to 3(K). so I can round it to 300." (3) 

An important v)t)jecti\e for teachers as thev offer their students instruction and 
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practiu; m estimation is tliat tlic stiijcnts come lo saluc estimates m their own right, 
lis distinct ta)m exact answers. When students are asked to estimate a prtxhict like 
28 ^ 49. thc> otten multipK. find the exact answer 1372. and then round the an- 
swer to M«H) .Such an approach reduces estimation to a role inferior to exact 
computation, and teachers should take pains that students not develop this 
impression of estimation. 

Revs and his colleagues were able to isolate .some other characteristics of goml 
estimators trom their stud\. In general, g^wd estimators are quick and accurate with 
paper-pencil computation and the\ use avariet> of strategics to estimate In tact, 
thev trequentlv consider several different strategies before deciding on a partic- 
ular one. Ihis'calculateu nexibilit> is es.>ential to estimating wc'l and. indeed, to 
doing all niathematies well, and it should be part of every .student s instruction 

(.}o(xl estimators" judgment and sense of reasonableness not onl>- apply to their 
estimated answers, but also to the process, of estimation itself They are able to 
luduc when an exaet answer is needed and when estimated answers are sufficient 
or appropriate Imallv. their clear sen^e that there arc many situations in which 
It IS all right not to strain tor an exact answer leaves them less afraid to be wfong 
thari their pc^r"- who are not as successful at estimating. 

.As noted in the RiM'cinli Wiihm Reach chapters on problem solving, prob- 
lem soKma research has made, and coatinues to make, a stri^ng case for releas- 
ing students trom the burden of thinking that mathematics is a rigid system which 
leaves little room for an individual s own ideas and strategies Tiie same is true 
tor estimation. leachers must work to convince sa-ondary-lcvel students that there 
n room tor them as individual thinkers m the mathematics classroom, that the m- 
dividual stamps thev put on their eslimating will be prized at the highest level ol 
classroom achievement, A good source of activities to help teachers in this etforl 
IS the book b\ Revs and Revs (7) 

.As m problem' solvms:. however, students require regular practice Since es- 
timating: IS foreign to many students, teachers should start by offering frequent 
opportunities for them to choose esti.r.atcs from among several options, then dis- 
cuss the most appa^priate choice with the students, the factors that make it the most 
appropriate choice, and so on. ( 10) The front-end and compatible-number strat- 
egies noted by Revs ei cil are examples of strategies that students need exposure 

to and instruction in. , , • ■ 

Another such strategy has emerged from the study by Siegcl and his col- 
leagues. Through interviews and observations of individuals at all school levels, 
as well as adults, they attempted todetlne a now-chart model of the process used 
to approach the kinds of estimation problems that begin in the physical world and 
end with a rouiih numerical solution. For example. -About how many names arc 
there on (his page of the phone book? ' The researchers found that more than half 
ot the esumator.s-ol all ages-used perceptually-based strategies C'lt looks like 
there arc a lot ot words, probably 300. on the page."), when a more reliable 
-decompositon" strategy was appropriate (-There arc probably 100 names in a 
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row. and ihete arc > fu\\s on llic pa^c. so l\l sa\ there are about 500 names on 
the page."). The researthers Lontlu led that nian> indivuiuals are not aware of 
lUth strategiesS tor deLuinposmg an estimate into a grouping of more manageable 
iubt;.stunales. and so louKI benefit from instruction and prattKc in them (9) 

Calculators and mKroLomputers utfer the pronu.se of help for teachers in pro- 
viding estimation mstruLtion and pra^-tite In a recent British stud> . Bell and his 
vollcMgue.s were able to use taLuIators first to ulentif>. then to remediate, some 
Lommon nialhematiLal JiffiLulties ol students between the ages of 12 and 16 (P 
Among the most prominent of the identified ^.^iffKulties was a KiLk ol understand 
ing ot plate value m dcvuual numbers, for example, the re scare hers' interviews 
produced comments like "... 0.8 . that's about an eighth" and " I 07 lbs. 
isS 1 lb. 7 ouolcs." a companion diffitultv of this ignorance of place value was 
an inability to*estimate with a sen.se of reasonableness. 

During the teavhtng phase of their stud> the researLhers were able to produce 
iighifiLanl aupiovement m the students' understanding of place Value b> involv - 
ing ihcm in vaLulator cxearses like the game called Getting Closer, played in pairs, 
m which one student chooses a low number, the other a high number, and each 
puts hisS iir her number on a caLulator screen. The students then take turns, with 
the first repeatedly adding an> tion i\holc number to the lower starting number 
while the second student subtracts similarly fmm the higher starling number Thus, 
the numbuji on the two vaLulator screens approach each other. The first plaver 
to pass the other player's number is the loser. The players learn quickly that a 
knowledge ot place v^ilue and skills in estimating are important advantages when 
the two numbers are clOsSC to each other. 

, Lev in has pointed out that individuals differ according to their mental images 
ol numbers, and that the microcomputer can help them to use thu.e images in es- 
lunaling— for example, m combining lengths of segments of the number line to 
estimate sums ol numbers. He discusses several computer programs that have Ixvn 
developed to sharpen cstimatiirg skills using as an example, one in which stu- 
dents estimate numbers by shooting a "harpoon" at the number line or Cartesian 
plane. (4) 

Conclusion 

That estimating skills ought to be taught and practiced on a regular basis is an 
undeniable conclusion of all the research reviewed in this chapter Several stud- 
ies have shown that successful estimation instaiction need not consume much time 
in the classroom. For example. Schoen and his colleagues worked with students 
m grades 4 through 6 and showed that 'estimation in whole number computation 
can be taught-in a short period of time." (8. p. 176) 

In their estimation study. Bcstgen and her colleagues worked with prospec- 
tive elementary school teachers, giving one group weekly training and practice in 
estimating strategies, while another group received just weekly practice, and a third 
group received no training or practice in estimation as all (2) The first group 
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the iraiiunii and practice giou|> emerged from the ten-week stud> with a greater 
understanding ot and rcbpcct tor estimation than the other two Yet this was a 
prouram thaUasted a mere ten weeks. If secondary-level teachers will commit 
ihenisohes to regular classroom practice and reinforcement of estimating skills, 
the ellects on students as the> advance through secondary-level mathematics will 
be astounding. 
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How can hand-held calculators be nsed to enhance the learning of 
secondary level mathematics? 



Because ot theconvemeiKO and inotivalion u provides ami because of the lat- 
Kucle It attord5> teachers >n skill and concept development, the handheld calcu- 
lator has moved nito the front ranks as an aid in the teaching and learning of 
Nccondary school mathematics. The attitude of most mathematics TC^achers to- 
ward classroom calculators has changed rapidly from caution to enthusiasm In 
laci. a strong case can be made from research evidence that the calculator should 
be an integral pan of the teachmg and learning of secondary school mathematics 
That evidence is the subject of this chapter. 

Ilic issue ot the calculator s potential hanu to students' learning has never been 
as izrcai among secondary school teachers as it has been among elenientar>' school 
teachers. Even so. it is important to clear the air of any doubts, and to note that 
research has firmb established the acceptability of hand-held calculators at all 
school levels-elenientar) and secondary. Roberts looked at thineen studies of the 
cttects ot calculator use in the secondars school mathematics classroom (21) Eight 
ot those smdies measured effects on concept attainment, nine measured effects 
on atutude. and eleven measured effects on computational skills None of the 
studies favored non-use of calculators for any of the three categories, One study 
favored calculators for concept attainment, two for attitudes, and six for com- 
putational aclnevemem. In the other studies, no significant differences showed 
up between calculator use and non-use. 

Roberts remarked in his review that the attitude studies tended to be loo short 
m tune to gauge any significant attitude changes, and he asserted that "the learn- 
ing settings in which ihese studies were conducted did not generally emphasize 
concept-formation skills/' (21. p. 84) Thus, he pointed out, educators will not 
know the true power of calculators in the changing of attitudes about mathemat- 
ics and in the learning and teaching of mathematical concepts until there are stud- 
ies that take advantage of the unique capabilities of calculators and studies that 
measure calculator effects over longer periods of time. 
Roberts observations raise two questions: 

• What IS the extent of calculator use and the commitment to calculator use 
in our secondary schools? 
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• What are the umquc uistriictiunal LapabUmes offered b> calculators'^ 
FheMatisULb available teilect aLontinualK growing role for the calculator ia 
ihc clasbfooni. In 1980. I^e>s surveyed teachers in Missouri and found that just 
over 60 pcr^^ent of senior high mathematics teachers had used calculators in the 
classroom. d7). Kastens sur\ev of teachers in four states showed that the per- 
teiuage ot secondary teachers and pruKipals in those states wht) believe that cal- 
culators should be included as a topic on high school competenc> tests ranged from 
just over 40 percent to 66 percent. (13) 

Another surve> underscored the need to identify and exploit the unique pe- 
dagogical capabilities of calculators. W>att interviewed teachers who had never 
used uilculator.s in the classroom and found thai the> seemed primarily aware of 
two ubes, computation and checking. (32) Clearly, while the majority of second' 
arv teachers favor a role for calculators in the classroom, there are still many 
teachers who are unaware of the wide benefits of calculator use or of how cal- 
culators might be integrated into their teaching. 

Benefits of Use of Calculators 

As they uniold from research and from teacher experimentation in the class- 
room, these benefits seem to fall into three categories and we will discuss each 
in turn: ' 

• Calculators provide a powerful tdol for evaluating the depth of students* 
understanding of mathematics and for diagnosing mathematical miscon- 
ceptions and difficulties. 

• Calculators permit teachers to adopt more freely and comfortably some of 
the classroom behaviors that research has associated with the effective 
teaching of mathematics. 

• Calculators facilitate the teaching and learning of several concepts and skills 
which have traditionally been stumbling blocks in secondary school math- 
ematics. 

Diagnosis ami Ewlmitton, In ways often incidental to their primary objec- 
tives, several research studies have shown that the calculator can be used as a lens 
by researchers and teachers to assess students' understanding and to pinpoint areas 
of weakness. The topic of div ision prov ides a good example The recent National 
Assessment of Educational Progress (NAEP) posed an exercise similar to the fol- 
lowing one to groups of 13- and l7->ear-olds who were allowed to use calculators 
and to^groups of 13- and 17-year-olds who worked the exercise by paper and pen- 
cil: 

.04 /IT 

Among 4he l3->ear-olds who used calculators on this exercise, nearly 30 percent 
reversed the divisor and dividend, while just over 10 percent of the 17-year-olds 
did the same. (5) Similarly, an extensive study of British adolescents' under- 
siandmg of various mathematical concepts reported that under 10 percent of the 
15-year-olds tested were ^ consistently able to press the buttons on their calcula- 
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tor in the correct order in solving Miuplc division problems/' (8. p 47) 

No doubt, some of these errors mn be ascribed to a lack of faruiliarir> with 
symbols, perhaps with the working procedures of the calculators Mainly, how- 
ever, the results rctlcti a basic lack of understanding among many teenagers of 
the concept ot" division. 

Hart urges teachers to capitalize on incorrect calculator answers and to probe 
students' conceptual undcrslaiuling and mathematical sense of reasonableness (8) 
For example, when a stitdent work.> 5 - 100 on the calculator, ask her what she 
expects the answer to be. Quite often, 20 is the expcOtcd answer, so when 05 
shows up instead, ask for an opjnion as to what might have happened, hi other 
words, use the calculator as a catal>st for mathematical dialogues with students 
The NAEP testers also asked students to order a.set of fractions according to 

size: o 
Vx, Vmk V<. >/4. -A, 

The success rate was very low among both 13- and IT-year olds, whether they used 
calculators or not l2 percent success for both groups of 13-year-olds; just over 10 
percent tor both groups of l7-> car-olds). (5) If the students generally understood 
how to convert Tractions to decimals, the calculator groups should have scored 
higher on this exercise, since the calculator makes such non-routine computation 
much less risky. The scores were uniformi) low, however, so we luu'e strong evi- 
dence that man\' teenagers do not know how to convert correctly fractions to dec- 
infals. 

In the area of pmbleni solving, the NAEP researchers were able, with the help 
of calculators, to identify and call attention to a crisis that pervades the entire 
mathematics ciin*iculum. even when computation is removed as an obstacle, most 
teenaiiers cannot think sensibl) about mathematics word problems In particular, 
the rcvsearchers compared the performances of calculator users and non-users on 
several problems like the following: 

A man has I J 10 baseballs to pac k into boxes which hold 24 baseballs each 

How many baseballs will be left over after the man has filled as many boxes 

as he can? 

Because calculators recoid division remainders in decimal fomi, calculator users 
were obliged to translate the machine's answer for 1310 ^ 24 - ? into a whole- 
numbered remainder. With or without calculators, few students solved this prob- 
lem correctly, but calculator users fared especially badly: 29 percent of 13-year- 
old non-users were successful, as opposed to only 6 percent of the 13-ycar-old 
calculator users. Among 17-year-olds, only 19 percent of the users were able to 
obtain the correct answer (5), 

Zcpp considered a similar issue, the role of computational skills in propor- 
tional thinking, i33) In particular, his research soCight to identify how much com- 
putational difficulties contribute to the difficulties many students have in answering 
questions like the following: 
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Bill made lemonade u/r// lemons and 9 teaspoony of su^ar Sand) sians 
w ith 20 lemons. How jnon\ iea,\i>oons oj Mi^ar should she use so that her lem 
onade lasies the same as Bill's? 

Zcpp wurkcd VMth groups oi 9th graders and college freshman and 'divided them 
into a calculator group whuh used cakulators on all practice activities and on a 
posttest, and a non-cakulator group which used no calculators at all on the same 
practice activities and j)osttest. Because there was no significant difference on 
posttest- achievement between the two groups. Zcpp concluded that we should not 
be looking to computational difficultieb as the major obstacle to proportional 
thinking. 

Revs and his colleagues used a "broken" calculator to help them gauge the 
level of good estimators' confidence in their own estimates. (18, 19) The re- 
scMrcher5>\ecrctl> prograinmc\l a calculator to be wrong bv var>ing degrees, asked 
their subjects tu make some computational estimates and to check their estimates 
against the calculators computations. During individual interviews, each subject 
was given a set of estimation exercises and, as they checked vvitfrthe calculator, 
the error range of the calculator was allowed to increase progressively from an- 
swers about 10 percent greater than a reasonable estimated upper bound, to 25 
percent, then to 50 percent, hven though almost 90 percent of their estimates wea- 
within an acceptable range. ?6 percent of the subjects went all the way through 
the experiment without concluding that the calculator resiilts^'vvere unreasonable 
Instead, they chose to mdict their own estimates. The lesson of the experiment is 
clear and, as our culture becomes more tied to technological devices, it is all the 
more pnxssmg. we need an increase at all levels of the curriculum in activities that 
develop estimating skills and m classroom dialogues that develop confidence in 
the use of those skills. 

Here is an example, taken from (7). of a calculator exercise that encourages 
estimating. Similar exercises can be found in (4), ( 15) and (16): 

Starting with 15, how many successive multiplicat'ions will it take to get an 
answer in the interval (10.000, 10,500)? 



One way of getting there in 4 steps is: 

1. 15 X 600 9,000 

2. 9,000 X LI = 9,900 
X 9,900 X I ! = 10,890 

4, 10,890 X .95 =^ 10,345.5 



While the Revs sit)d> used the calculator to show that even good estimators 
lack confidence m then own estimates skills, Blume used the calculator to view 
the solution process of students when the> tackle problems with and without the 
aid of the machines (2). For example, there are at least two ways to set up the 
solution of the following problem: 
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The star ba^ki'tball pUn er uoral o total of297iH>int.s durin:^ the first nine 
saines. Jilt anrafted 14 points Jewr pet name than the Mr Hon' miiny points 
Jul Jill score diirin}; the first-nine jiaines? 
A (1297 - 9) - 14t^9 ^ ' 
. li 297 - tl4 X 9) = :' 

Method A llrst cletornnnci the per-gdmc average of the star, subtraets iWW av- 
erage then inultiphes bv 9 to obtain JiH s total. Method B shortcuts this process 
b> nuiltiplvmg the ditterenee between the stars and Jill's per-g:nnc averages and 
Mibtraotuig tlwt total difference fronuhc stars total ti\givc Jills total. 

l-ither method is valid and sound, but Blunie found that a group ul sevenih- 
"nide students tended t6 mnon: the shortcut solutions moa« and favored the longer 
solutions more when thc>'uscd caKulatufs than when they used only paper and 
pencil. Ihe niiplication for teachers is clear, allow students to use calculators to 
solve mathematical problems, but help them through discussion, to become aware 
ol their own solution processes as well as the variety of solution processes avail- 
able to them. ..... (• 

IJIunie and Mitchell worked with 7th grader- and trained them in the use ol 
c ilculatoni with Reverse l\ilish Notation (RPN) logic, u bracket-frce machine logic 
used by manv scientists and engineers. (3). Onee the students had learned tixop- 
erate the RPN calculators, diey were tested on .several computations. I he ma or- 
itv sliovved Ihev had mastercd the new machine logic. In fact, 81 pcrcentyerc 
corrGet on the following example. (?5.97 + 57.78) - 13.4 = /V ^VH»«Htfc pa- 
rentheses were 'niissmu. however: an'd it was up to them to decide on the hici- 
archv of operations, the students did not fare as well. Only 20 percent gave the 
correct answer 7()..S to tho following cxeaMSc: 83.3 - 54,4 - 4.25 = N. Most 
subtracted first, then divided, rather than the reverse, thus revealing how con- 
iuseil most students arc- about the notion of operational hierarchics-that is. which 
operation miist bt performed before others in a computation 

Especially as thcv head into algebra, stildents muss be conitortablc with op- 
erational hierarchies.'Lappan (15) .suggests using the calculator as a todl for help- 
ing students to acquire skill in manipulating parentheses in equations, through 
problems like: 

/. Insert parentheses to make these true: 

,6 X 15 - 7 = 233' ' 16 X 15 + 7 = 247 
16 X 15 - 7 = 128 16 X 15 + 7 = 352 

2. Insert . - , .w ^ . and parentheses, ifnmled to make these trite: 



10 1 


5 .13 


= 57 


29 1 


5 13 


= 5655 


29 1 


5 13 


= 448 


29 1 


5 ■ 13 


=" 1 


i-) 1 


5 13 


= 0.K87179 
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It vou U}>c examples lu help the students' transition to algebra go more 
,MiK)uihl>, make Mire >ou have them discuss the roles of the parentheses in the 
exercises that allow different answers to arise each tinte. 

In a recent British stud> . Bell and his colleagues were able to use calculators 
lirsi lu idcniifv, and then to remediate, some common mathcmaiical difficulties 
ot 5>iudenis between the ages of 1 2 ai ; 1 6. ( I ) Among the most prominent of the 
identified difficulties was a kick of understanding of place vali ir decimal num- 
bers, for example, the researchers' interviews prmluced comments like 0 8 
. . . that's about an eighth" TxivJ "1.07 lbs. is I lb. 7 ounces." 

During the teaching phase of their stud> the researchers were able to produce 
sigpiticant improvement in the students' understanding of place value by^ involv- 
ing them in calculator c,\eaises like the game called Getting Closer, played in pairs, 
in which one student chooses a low number, the other a high number, and each 
puts his or her number on a calculator screen. The students then take turns, with 
the tirst repeatediv adding an> nonwhole mn\bQr to the lower starting number 
while the .second student subtracts similarl) from the higher starting number Tlius. 
the numbers on the two calculator screens approach each other. The first player 
to pass the other player's number is the loser. The. players learn quickly that a 
knowledge of place value is an important advantage when the two numbers are 
close to each other. 

Effetdxe TeiiJnui; Beluniors. Recent research has made it morc possible than' 
ever to describe effective mathematics teaching, by identifying those classroom 
behaMons that contribute to effectiveness. That description is dealt with in depth 
in the chapter. "Effecuve Mathematics Teaching/' There is a specific connec- 
tion bilween effectiveness research and calculator research, however. Calcula- 
tors can fauhlaie the learning and use of effective teaching behaviors, and it is 
that connceliori^We describe in this section. 

Rcse,\rjh shows that effective teachers spend more time than less effective 
teachers cn whole-class lecture, discussion, and demonstration. When Keys and 
his colleagues interviewed teachers who had begun to use calculators in the class- 
room, .he teachers reported that they were able to cover more topics with the aid 
of calculators and that the> dealt more with concept development and less with 
computation during their mathematics classes. (17) As they become more adept 
with calculators m the classroom, teachers can apparently use them to create en- 
vironments which in\ite more lecture, discussion, and demonstration. Another 
mideniark of eiTective teaching which is related to allocation of time is the amount 
of time teachers keep their students engaged in learning tasks. In this vein, Sze- 
lela noted at the end of a study involving the use of calculators to teach ratio to 
seventh-graders that, in the study's posttest, "students using calculators ap- 
peared more mouvatcd, were more industrious, and spent less time idling *' (28, 
p, 70) It IS likely that Jassroom teachers could create the same effects when they 
use handheld calculators. 

Another characteristic of effective leaching that has emerged from research is 
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uuestion-askina--the number aiul quality of questions asked by the tciichor and the 
number of opportunities made available to students for their own questions 1 he 
calculator is a natural inducer of curiosity and of inclinations to experiment and 
to ask questions. Shirev's study illustrated this inducemenl to experiment among 
calculator users in srades 10 through 12. (22) It .was a brief study, comparing one 
ttroup learning a una on home mojlgages via computer-augmented instruction with 
a "roup learning the unit with the aid of handheld calculators. Shircy noted that 
-more calculator students performed some expcriiuentalion beyond the mini- 
mum when compared to the computer group.' " Piaget has urged the development 
of environments around young children that are filled with objects to pique thc-r 
curiosity. In the secondary classroom, calculators can apparently serve a similar 
function for older students. 

By allowing students to manipulate numbers and to observe number patterns 
without the tedium that often accompanies paper-pencil computation, calculators 
make it possible for students to tuni their questions into conjectures and their 
conjectures into mathematical argument and proof. If such a process becomes a 
rettular part of classroom activity, it leads students to construct a view of number 
and mathematics in the same way that, according to Piaget, they develop their 
world-view: by interacting and experimenting with the objects around them, 1 he 
primary role of the teachei in this process is to help them to formulate their ques- 
tions and conjectunis and, of course, to make sure they have frequent opportun- 
ities to use the calculators in this way. 

. Krist Illustrates the use of calculators to engage students in a dialogue leading 
to conjecture with the following example. (14) First, the teacher notes that 6- - 
6 = 5= + 5 and asks the smdents to look for a pattern that might extend this 
equation into a conjecture. Do other numbers fit into the same sort of equation? 
How could you check it for other numbers? What short-cut expression mightjtatc 
the conjecture that the pattern exists for all whole numbers? (e.g. . - N - (N 
- 1)= + (N - l))..lf the class is versed at all in algebra, the nextqucsuon might 
be- How could you show that this is true for all whole numbers N? 

The ability to communicate the continuity of mathematics from topic to topic 
is another characteristic of effective mathematics teachers. (See the chapter -bf- 
fective Mathematics Teaching.-) Hiatt points out that one aspect of that conti- 
nuity-the mathematical method of inquiry-is comnuinicated clearly and 
consistently when calculators are used well (9). As Hiatt describes it, the method 
of inquiry has five steps, each of which can be seen in the Krist example above: 

1. making observations; 

'J oroaulving observations into patterns, conjectures; 

I', .specializing and generalizing through inductive or analogous reasoning; 

4* inveming symbolism for the generalized conjecture; 

5. proving the conjectures. 

Concept and Skill Development. In his overview of calculator research and 
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development in iuaihemaiiLi>cduLalion. Weaver points out that the true power of 
the calculator is that it can transforn) (anJ i>onie tlassroonis luis transformed) 
.the process of learning niathenutics. (30) Traditionally, how teachers develop 
mathematical ideas, applications, and problem-solving skills in their students has 
been mterwoN en— often tangled- with their development of student proficiency 
in paper-pencil computational algorithms. Weaver writes that, although the two 
development processes .should work In parallel and not in conflict, parallel de- 
velopment has never been the rule in secondary mathematics classrooms. Now 
the calculator offers an opportunity to make the two processes truly parallel and 
to keep them that way. The message to teachers, teach paper-pencil computa- 
tional algorithms, but also take advantage of the handheld calculator as a means 
for developing mathematical ideas, applications, and problem-solving skills 

If the picture Weaver paints is accurate, then we might expect t6 see some clear 
evidence of the effects of instructional calculator use on concept and skill devel- 
opment. Unfortunately, calculator research is young and so has produced a rel- 
atively modest, though extremely promising, set of results. Once researchers have 
more time for exploration, however, it is possible that the power of the calculator 
will be ielt throughout the mathematics curriculum. In fact Jewell analyzed a set 
of typical secondary school textbooks and concluded that approximately one-half 
of tile content of algebra, geometry . and elementary functions texts and one-eighth 
of an algebra-trigonometry text could be appropriate for calculator applications 
that contribute to mathematical understandings. (II) 

In their search for specific topics that arc especially ripe for calculator use, 
researchers have looked for concepts whose learning is often impeded by the 
computational difficulties involved. Ratio is one of those concepts. Szetela de- 
signed a seventh-grade study vvith the hypothesis that the measurement situations 
that quite often, form the basis of ratio instruction can be swept clean of distract- 
ing calculations if calculators are used. (28) 

The study involved eleven days of ratio instruction for calculator and non- 
calculator groups. Included in the instruction were measurement of circles to de- 
termine the ratio of diameter to circumference, measurement of poles and their 
shadows, measurement of automobile width and length, coin tosses, and so on 
In the testing admimstercd after the instruction was completed, the calculator group 
did better, though not significantly better, on two achievement tests and one at- 
titude test* The calculator group did significantly better than the non-calculator 
group on a test on unfamiliar ratio problems, during which the calculator group 
was allowed to use calculators. 

Moving to a laterpoint in thecurriculum. Szetela also studied ninth and tenth 
graders using calculators to itam trigonometric ratios. (27) At the heart of this study 
was some intea w'l instruction over a three-week period that centered on the de- 
velopment of abbrev lated trigonometry tables through measurement activities with 
right unangles. One group of students worked through the table development with 
the aid of calculators, another group worked without calculators. There was no 
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significant difterence between the two groups on an adueveiuent test adnunis- 
- tered after the instruction was over. Of special interest to teacliers, liowcver may 
be the testimony of the teachers involved in the study that ••teaching with cal- 
culators was much less onerous than teaching without calculators. (27, p. II 8) 
Wheatley conducted a problem solving study with calculaton; at the sixth-grade 
level which clearly invites similar investigations by secondary school educators^ 
(^1) In the study, two uroups of students received the same training in the use ol 
problem-solving strategies such as estimating, retracing steps, and checking the 
reasonableness of answers. One group used calculators in the training and the other 
did not. In a final probiem-solving test, the calculator group used significantly mon: 
of these strateiiies than did the members of the noncalculator group. 

One area of the curriculum where calculator researchers have been tairly ac- 
tive is ninth-grade general mathematics. Toole conducted one of the longer stud- 
ies in this area, a 6-month study in which she compared a calculator-assisted 
proiiram used one day a week with non-use of calculator? in the same course. (29) 
In Jie six.months between pix;tests and posttests, the calculator group gained eight 
months more on the total test than the non-calculator group. The breakdown into 
subtest gains was as follows: 7-month gain in computation, 5-nionth gain in con- 
cepts. 1-year gain in applications. . 

Creswell and Vaughn also conducted a calculator study among ninth-grade 
general mathematics students, based on eight weeks of instmction in decimals and 
Lccnts (6) Two groups of students were compared: calculator users and non- 
users The non-users were taught from the standard textbook; the users^ received 
instruction based on materials designed b^ the researchers foi; the rcinfo'cemcni 
of the concepts involved in decimals and percents. On the po-sttest that measured 
) the level of achievement over the eight weeks, the calculator group scored sig- 
nificantly higher than the non-users. 

Remarking on this difference, and noting the frequency ot studies where no 
significant difference arose when the calculator was used merely to supplement 
the textbook for checking and calculation, Creswell and Vaughn ascribe the 
achievement difference between users and non-users in their study to the mate- 
rials they developed to exploit the calculator. Both Roberts and Suydiun have also 
taken note of the dearth of research studies and of curriculum materials that ex- 
ploit the unique capabilities of the calculator (21 , 26). Instead, we see curriculum 
materials that suggest only supplementary use. One major exception to this is a 
carefully developed eleventh- and twelfth-grade mathematics curr.cu urn built 
around the programmable calculator by Rising and his colleagues. (20) Another 
^ exception is the ninth-grade course, based on concepts from statistics and on the 
use of the programmable calculator, which was developed by Hoffman and her 
colleagues (10). Without the proliferation of such materials, we may never see 
the real pedagogical potential of the calculator fulfilled. 

We Lo may not get a tme reading of the usefulness of calculators if they arc 
not welcomed into test-taking. A majority of secondary teachers are apparently 
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"e*ui) to lake btcp. In ihcir survc) , Rejs and his colleagues found lhal 67 per- 
cent of senior high school students and 52 percent of junior high school teachers 
vNOuki buppon the use of calculators on standardi^cd tes^ measuring concepts or 
applications. (17) 

Conclusion 

The calculator has been cast into a peculiar situation. On the one hand, it has 
become a fixture anio.ig American teenagers the NAEP data shows that 80 per- 
cent of thirteea->ear old^ and 85 percent of scvcntccn->ear-olds either own their 
own calculators or have one available for use, (5) On the other hand, financial 
exigencies ina) keep the machine rclativel> invisible in the sccondar> school 
classroom. In particular, if calculator^ have to compete with microcomputers for 
funding* the curriculum materials needed to integrate the calculator into the cur- 
riculum (as opposed to its usual supplementary role) may never be developed. 
Furthermore, calculator traming for teachers may be put aside for lack of fund- 
ing, and the need there is criticah Rcys et al, found that a large percentage of the 
teachers tne) surve>ed said thc> wanted training in the u,sc of calculators, but had 
lu'ver had an> 71 percent of junior high school teachers and 63 percent of , senior 
high school teachers wanted training, while only 13 percent and 17 percent, re- 
I spcetivcly, had alrcady had some training. (17) 

That the calculator should be an integral part of the curriculum has been es- 
tablished, but there are still nian> pieces missing from the calculator picture. How 
and at what specific points should it be integrated into the curriculuin? Over the 
long term, liow well can it facilitate students* use of pioblem-solving processes 
and strategies? How can teacher training be designed so that calculator use will 
make it easier for teachers to behave cffcctiv(^l) in the classroom? These arc 
questions that touch on the most important issues; in mathematics instruction. Thc> 
must not be ignored. ^' 
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/ teach mathematics in both the eighth and ninth grades, and I see 
a mysterious change iji students' performance from the one grade 
to the next. Many students who seem to compute fairly well with 
fractions in the eighth grade appear to run into trouble when they 
face fractions in the context of algebraic equations in the ninth 
' grade. Is there something in the change of context that throws the 
students off? 



Secondary school mathcniatics, must seem like a foreign language to students 
who arc not fully prcparcd for it. Like the students described in the cjuestion above, 
they often founder even in areas where some of their skills seem secure To many 
teachers this foundering is a signal.for educators to re-examine the teaching of 
prerequisites for hi«h school mathematics. 

Among Ihe prereciuisites singled out for scruu-n by the teachers whose ques- 
tions fornrthe basis of Resctmh Within Reach: Seavulary School Mathematics. 
understanding fractiiws was one of the two most frequently mentioned The other, 
estunating with a sense of reasonableness, is covered in a separate chapter 

A Difficult Concept ' 

In describing the several imponant threshholds in the learning of mathemat- 
ics. Steffe has underscored how very real and very critical is the dilemma faced 
xby "both the teacher who asked the question at the beginning of this report and by 
the students alluded to in the question: "There are (tu lea-st) thrco critical 
achievements in a chikls mathematical life-the idea of ten as a unit, the idea of 
a fraction, and the idea of an unknown.'" (18. p. 20) Faced as they are with the 
double dhemrna of stepping into the arena ofalgebraic unknown,s-the third crit- 
ical achiei-ement— without the aid of the second critical achievement— an un- 
derstanding of fractions-it is no wonder that many students" seeming mastery of 
fractions begins to falhapart. . 

How can it happen that So many eighth graders can Seem to master fractions, 
only to stumble over them in the ninth grade? On one level, the answer is simple: 
there IS much more to mastering fractions than mastering computation, On a deeper 
level, there arc several subtle aspects of fractions which slip by many students as 
they prepare for secondary level mafhematics. Some research in the past decade 
has helped to delineate those subtle aspects. 

Payne's review of fraction research provides an overview of the process ol 
learning fractions that rcflects how long and winding the process is. and the va- 
riety of contexts in which fractions arc encountercd in the elemema.7 school cur- 
riculum. ( 1 5) The early days of learning fractions are not so difficult, Payne cites 
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evidence thai most siudeius iroin the age of ciglu oa can master the initial frac- 
tion concepts and i>>nibols m a two-week period, and that they tend to be quite 
emluisiastic about fractions during this initial learning period. Yet, iatcr on, as tlicy 
confront such concepts as equivalent fractions, c\en proven instructional strate- 
gies like paper-folding and using different%si/.cd rods cannot offset the trouble most 
cluldren have with those concepts. Some pictorial representations of fractions - 
ui particular, on the number hnc -seem especially difficult for students in the in- 
termediate grades, (15) 

The recent National Assessment of Educational Progress (NAfeP) illustrates 
some of the weaknesses in understanding that underlie many secondary students' 
experiences with fractions, hi several exercises NAEP tested students' skills in 
cstmiaiing computations with fractions. The results indicated not only a general 
vseakness in students' understanding of fractions, but also revealed that many 
students reson to memory— and often mis-remciubercd ru'^^s-to vomputc frac- 
tions instead of estimating. Thus, when asked to estimate the answer to ^-A\ + 
:s (the test did not allow enough time to figure this out with pencil and paper), 
^ fewer than 25 percent of the 13-ycar-olds and fewer than 40 percent of the 17- 
year-olds chose the correct estimate of 2. Many of those who were mistaken at- 
tempted to compute the answer without a check for reasonableness in their an- 
swers— in fact, 19 and 21 were common ans'wers* (I) 

In their summary of the status of secondary students' understanding of frac- 
tions and their skills in computing with fractions, the researchers who summa- 
rized the NAEP results made the following statement: *^Ovcrall, it appears that 
roughly two-ihiixls of the 13-year-olds and about three-fourths of the 17-year-olds 
have learned most of the very elementary fraction skills. However, only about half 
of this number can integrate these skills to solve some of the more involved cal- 
culations with unlike denominators and mixed numerals. In other words, only about 
40 pereent of the 1 7-y car-olds appear to have mastered basic fraction computa- 
tion/' (I, p. 331) 

One critical aspect of fractions that students often do not grasp is their tlexi- 
ble naiun>-'iliey are quantities with real number value (V: is greater than Vh); they 
also express relationships between quantities {Yx of 12 is 9). Kieren (8) has ana- 
lyzed the various contexts in which we use rational numbers, the language and 
symbols that accompany each usage, and he has summarized the four contexts in 
this table (Note. (/ ninonal number is a number that can be expressed as the quo; 
tieiu of two integers. All rational numbers can be expressed as fractions, but not 
all fractions are rational numbers - tor example, ttA): 

0 

Context Language ^ Symbol 

measure three-fourths of a unit ' % 

quotient three divided by four ^ 3 4 

ratio three to four 3-4 

operator three for every four 3 for 4 
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As examples of the four as[Kcts. consider the following: 

measure: "'nie iuva of this region is 1 squart: meter plus V2 square meter phis 

>/6 square meter, or 1% = 1-/? square meters." 
quotim: "Sharing 3 candy bars among 5 people nu uis each person gets 'A 

of acimdy bar." 

ratio: 'A one-to-three mixture of Hour and water has the same consist- 
ency as a two-to-six mixture, because V\ = -/<•." 
oneratoi'i "If a store shows a profit 2 out of every 3 days, then over a 30- 
day period, there will be 20 days of profit, because % ol 30 1-, 20. ' 
-llie researchers who sammari/.ed the recent NAEP results offered thc'ir as- 
'sessnient that most IJ-year-oIds see these four aspects of fractions as separate. 
' unrelated topics, rather than as different contexts for the same concept. (1) The 
validity of that assessment is strengthened by the research of Noelting. ( 14.8) He 
found that different contexts of fractions draw qu.alitatively different responses 
from students. In particular, he asked students a scries of questions using either 
the ratio context or the quotient context. Merc arc sample questions trom i.ie study: 

Situation 1 (ratio number questions) 

Which of the following mixtures has a stronger orange flavor. A or^B.' 

A: One orange concentrate, three water 

B: Two orange concentrate, six watgr 
Which of the following mixtures has a stronger orange tlavor. M or N 

M: Two orange, three water 

N; Four orange, six water « 

Situation 2 (quotient number questions) 

Some cookies are shared among two groups of boys. In which group will 
a boy get more cookies. A or BV 
A: One cookie for three boys 
B: Two cookies for six boys 

In which group will a boy get more cookies. M or N? 
M: Two cookies for three boys 
N; Four cookies for six boys 

Noelting found that students generally were able to answer the second ratio 
cuestion if they were able to answer the first, but found the first of the quotient 
auestions easier than the second, even th^igh Situation l and Situation 2 arc 
mathematically the same. Obviously, students think diffcrcnUy in the quotient 
context than in the ratio context. • ,. rr .• o .i,n 

Larson noted another facet of students" misunderstanding of fractions-thc 
ability to distinguish between a fraction as an expression of part of a unit and a 
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fraction as a. number with a unK|uc place on the number hne, (II) She asked the 
sc\enth grade students in her studv to locate the point on this line segment that 
can be named by the fraction 1/5. 



In general, man> of the students tended to uv.- the rule, count the number of 
equivalent segments (in this case, 5) fcr the denominator and count the number 
of equivalent segments from zero until >ou reach the number which will combine 
as the numerator with the chosen denominator to yield the fraction '/5 (in this case. 
I). This rule served them well in the above problem, but 
approxiniatel) 20 percent of the students also uted the algorithm to answer the 
siinic question about the following line segment, and thc> chose the indicated point. 

0 . X . . I . . . . 2 



Huis, ihe> chose the point representing Vw or V5 of the whole line scgcnt from 
0 to 2, not the number 'A. 

In a similar vein, Ekenstam conducted a study among Swedish students and 
noted that more than half of the IS-year-olds tested wdit erratic in their selection 
of fractions less than I from a list of fractions of various sizes. (2) 

Lankford Sv-it up a scries of interviews of 7th graders, designed to determine 
the kinds of mi* conceptions young people have about fractions. (10) In one ex- 
ample, he carcfull> documented 22 different enrors the students made in figuring 
out Va - Vz = ? Overall, the most common enrors he noted in his study were: 

1. Multiplying a mixed fraction times a whole number by multip'ying the whole 
numbers and tagging the fraction on the end: 

3 V4 X 5 = 15 »/4 

2. Adding fractipns by adding numerators and adding denominators. 
Vz -f Va ^ 

Again, it is imponant to try to look at the rootvS of such errors. As Vinncr and 
his colleagues point out, in order to know that Vi + Va = %, a student must know 
that 54 = 1/3, that < Vz . and must understand what the addition of fractions 
means. (20) These arc conceptual issues and cannot be settled through algo- 
rithmic training alone. 

Kieren and Nelson conducted a study, based mostly on interviews of students 
in grades 4 through 10, the purpose of which was to delineate the development 
m young people of the notion of a fraction as an operator (for example, % of 20. 
is 12). (9) The students were asked to observe a machine** into which a certain 
number of papers went in and a lesser number came out, and then to describe what 
rule ran the machine. Thus, they might sec an input of 20, an output of \5, and 
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input ol 40, and output ol 30. ami so on, and conclude that (he ruic is V4 x . From 
their .jntervicsvb the rcj,earchcn> h>pothesi/ed the ibllowing three levels of growth' 

a. The studems arc Vs-oriented. They can identify operations thai are Vi x , 
but are relatively fixed on Vz. to the extent that thjy are inclined to identify 
other fractional operations, such as V^ x , as Vz x . 

b. A transitional level, where the students can ident fy unit fractional opera- 
tors— that is Vz X . V\ X , Vi X . 'A X . and so on. and the composition of 
unit operators, for example. V2 x 16. V\ x !A. 

c. The students can identify all forms of fcfictional operators. 

Role of Instruction 

A very high percentage of the studies cited so far were based on student in- 
terviews/whicli should be a clear signal to teachers wanting to shore up their stu- 
dents' understanding of fractions, hi order to learn which aspects of fractions are 
misunderstood by their students, teachers must encourage them to verbali/e as 
much as possible and should take advantage of the ensuing classroom dialogues 
to develop a full understanding of fractions. 

, Lochhead ( 1 3) gives an example of such an instructional apprc-ich in the con- 
text of addition of fractions. Give no preUminary explanation of what adding 
fractions is all about. Give a simple question such as ''Vi + = which will 
pmbably bring a correct answer. Ask the students to verbalize the rule by which 
the addition was carried out and which can be applied to further addition exer- 
cises in fractions. Now give another example that will test the student-offered mie 
and \\hich might provide a counter-example to that rule if it was tlawed. Finally, 
contmue the discussion, having the students revise their nile if necessary 

Hasemamrs smdy made it clear that instructional strategies can have a tre- 
mendous bearing on how well students under^itand fractions. (6.7) l ie worked with 
German adolescems who were relatively unsuccessful in mathematics. He pre- 
sented fraction exercises in two fonns; in diagram fonii and in computational fonn 
Thus, a circle was shown with thrce-quarters of it covered with dots. The stu- 
dents were asked to shade in 1/6 of the dotted part and then to say the fraction of 
the circle that had been shaded. 




The same exercise appeared also in straight computational fonn: 

1/6 X 3/4 = ? 
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Shglul> more than 5U pLrceiit of the students in the study vvere successful in 
the computational exercise, while onl> 30 percent succeeded in the diagram ver- 
sion, 

Hascmann contrasted his results with the results of a similar cxpcrinicnt with 
Bruish student, in a program whose emphasis was on understanding fractional 
concepts through diagrams. The results were reversed, slightly more than 50 per- 
cent of (he British students succeeded in the diagram exercises, while fewer than 
25 percent were successful \\\ the computational version. Pointing out that Ger- 
man schools eniphiisize the computational approach to fnjctibns^. in contrast to the 
diagram-oricnted British program, Hascmann concluded that instructional em- 
phasis and stress will affect many students' understanding of fractions. 

Another possible factor with a bearing on instruction emerges from cognitive 
processing research, that is, the research that studies how learners process infor- 
mation, piircclhng it out into the shelves of memory and gaining access to it when 
It IS needed. As a result of his research, Grccno has offered the opinion that when 
learners compare two fractions by regions or diagrams they use spatial process- 
ing, but that they process the algorithm for comparing fractions-choosing a com- 
mon denominator, then multiplying and dividing by the appropriate numbers-Mn 
a different way. (3, 15) In essence, says Greeno, the two ways of processing pro- 
duce two different concepts of fractions. 

Both Hascmann's work and Greene's work nnply that students need (o see both 
approaches to fractions-visual and algorithmic-and that they need help in seeing 
how the two relate to each other. Instruction that puts a heavy stress on compu- 
tational algorithms for fractions can lead students astray. Peck and Jencks inter- 
viewed sixth-graders as they worked on various fraction exercises, such as Which 
is larger, 1/4 or 2/5?'* ''What is 2/3 -f 1/4?^' and **Can you draw a sketch of 
1.3?" (16,17) The researchers noted Almost all the children appe-red to search 
their memories for rules and then to try to apply the rules. The rules wGre often 
misapplied, and the students could not tell that they had done so.'' (16, p. 347) 

In describing the results of the extensive British study entitled Concepts in 
Secondary. Mathematits ansl Science (CSMS), an assessment of the mathematical 
and scientific understanding of students between the ages of 12 and 16, Hart 
summed up the researchers' conclusions for the topic of ratio; 'Tinally, teaching 
an algorithm such as it'b = c/d is of little value unless the child understands the 
need for it and is capable of using it/' (5, p. 10 1) 

The CSMS researchers found that, rather than using an algorithm that has no 
meaning for thenu students often approach a ratio problem by **building up". For 
example, in approaching the problem *M/2-cup of cream is sufficient for 8 peo- 
ple. How much IS sufficient for 12 people?", they reason that 12 is 4 more than 
8,4 ishalf of8, sotheansweris 1/2 + 1/2(1/2) = 3/4of a cup. The reasoning 
IS valid, but the researchers pointed out: ''the majority of children do not pro- 
gress bpyond doubling, halving and using doubles and halves to 'build up' to an- 
swers. This ability is no guide to how the child would tackle a ratio of say 5:3.'* 
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(5. p. 101) . , r ,, 

The instructional implication!, ot the research described so larare threelold: 

I . Be alert to the multiple Icvclb of meaning in the concept of fraction and to 

the different degrees of understanding associated with each. 
2 Be aware of the limitations, some emerging from cognitive development, 
others from variations in spatial processing, that cause differences in stu- 
• dents" understanding of fractions. 
3. Do not rely totally on algorithms to teach fractions. Integrate the use ol 
diagrams with the use of algorithms. 

One promisinu instructional approach which is faithful to all three has been 
part of the Caluary Junior High School Mathematics Project. (4) The approach to 
teaching fractions was a - process" approach, through which seventh-grade stu- 
dents earned out a mathematical investigation. They experimented with concrete 
materials, recording what happened in the experiments, formulating questions, 
and writing up accounts of experimental results as well as applying the results to 
practical situations. The study lasted eleven and a half weeks. Not only did the 
experimental group's achievement improve significantly when they were com- 
pared with a group of students learning from a regular textbotrk, but they also 
displayed smnificantly greater enjoyment of fractions than did the students in the 
regular group. Furthermore, there was a significant improvement m their ability 
to give explanations, probably due to their experience in writing up accounts ol 

experimental results. 

Calculators are a valuable tool for teaching fractions, Szetcla reports that sev- 
enth-gradeis who were taught the concept of ratio with the aid of calculators did 
better on an unfamiliar ratios test than a group who learned ratios without cal- 
culators. (19) Szetela also reported that the learning experience was '"less tiring 
and frustrating for both teachers and students when calculators were used. (1 ), 
.p 70) As in all such uses of calculators, howdver, the machines cannot stand on 
their own Teachers must be ready to deal with issues and questions which cal- 
culator use can uenerate. For example, many students do not understand why 
1/9 becomes 1 111 ... on the calculator screen. Alert teachers will note the con- 
fusion and" help .studems to see the meaning that binds the two representations. 

Microcomputers also offer some exciting prospects for improving students 
understanding of fractions. Although educators have known for decades that in- 
dividuals vary widely in their mental pictures of number-in particular, ol Irac- 
tional numbers-there has been a deiuth of instructional strategies that cati support 
a wide vanety of approaches to picturingand manipulating numbers. With its ca- 
pacity for displaying different visual models of number concepts, .such as in the 
program described by Levin which invites students to estimate numbers by shooting 
a -harpoon" at the number line or at the Cartesian plane, the computer promi.ses 
to increase the supply of such strategies. (12) 
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Couclusiou 

The technological advances of the past decade that have resulted in the hand- 
held Lalculatt^ and the microcomputer have run parallel with the advances made 
b> the set of fraction research projects described in this chapter. The analyses and 
strategies that have resulted, combined with the technological aids thai have been 
developed, mipiuve the chances of teachers for establishing an understanding of 
fractions as a real prerequisite to secondary school mathematics, one that can be 
fuiniled by most secondary school students. 
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/ haxi* a two-part question concerning algebra. First, students in 
Algebra' I seem to be at several different levels of understanding of 
variables and equations. What characterizes those different levels? 
Second, even when they are taking Algebra II, many students seem 
to have mastered only mechanical skills and they cannot adapt 
them to new situations. For example, they may recognize that 
factoring can be applied to a" + 2ab + b^, but not see that it can 
also be applied to cr* + 2a"b-+ b^. What contributes to this 
inability to adapt algebraic techniques? 

As many leachers know from experience, .success in Algebra I does not guar- 
antee success m Algebra U. The techniques, learned in the first course often stall 
at the mechanical level and ^ive little help in the second course s applications 

Furthermore, it appears from recent research that success in Algebra II does 
nut guitfantee an understandmg of equations and variables deep enough to permit 
students enteung college mathematics to translate freel> between word state- 
ments aud algebraic expressions. The algebraic skills and understanding of man> 
oi these students stall at a more advanced, yet still intermediate, level (4, 5. 6. 
18) 

Thedifficulttes mvoKed in developing a deep understanding ofalgebra result 
in part from algebra s hav ing several different faces. On the one hand, it is a kind 
of generali/.ed arithmetic, with central roles for addition, subtraction, imiltipii- 
caiion, and division. On the other hand, it is a structured system for formulating 
and manipulating variables and formal mathematical statements Because of mis- 
conceptions or ilow cognitive development, young people ma> succeed in some 
applications but fail to connect algebra tc its broader mathematical applications 
The teacher s question that begins this report provides one such example, the re- 
sults of the recent National Assessment of Educational Progress (NAEP) provide 
another.(3) Around 40 percent of 17-year-olds with one year ofalgebra werc able 
to solve linear equations in one unknown. The comparable figure for 17-year-olds 
with two \ears ofalgebra was 60 percent. In both groups, however, the success 
rate tor applying algebraic knowledge to word problems was consistently much 
lower than 40 percent. The researchers who interpreted the NAEP results noted: 
'It appears that although additional study in algebra may improve students' al- 
gebraic skills, it does little to help \htm learn to apply those skills to solve prob- 
lems/' (3, p. 60) 

Recent research has provided a clearer picture of student misconceptions about 
algebra and of the nature of the various levels of algebraic understanding. This 
has been achieved through careful testing, followed by comprehensive student 
interviews and instniction that fits' the student needs identified in the interview s 
Rather than just focusing on w hat an algebra student learns, researchers can now 
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focus on //()«■ alacbra is learned, as well. 

This report describes the major rcearch findings and the recommendations 
drawn from diem. In the first section we focus on the student and discuss the ma- 
jor misconceptions and crron; that have been uncovered. In the second section we 
concentrate on the concepts in algebra and discuss the several levels ot meaning 
ot these concepts, as well as factors that may limit a student to.one meaning level 
■ while blocking access to the other levels. The third section lists suggestions from 
jfcscarchers and other educators for eliminating misconceptions and errors and 
for broadening students' understanding of algebra. 

Student Errors and Misconceptions 

The concepts of variable and equation are central to algebraic understanding, 
and so misconceptions surrounding these two concepts are central to tailure in al- 
gebra. Wagner conducted a study to delineate some of the early misconceptions 
Jhat arc commonly developed. (22) She intervie\ved 30 students from the ages of 
10 to 18. and her focus was conservation of equation-that is. the ability of an m- 
(lividual to recogmze the irrelevance of changing noncritical attributes in situa- 
tions m which variables and equations appear. For example, each student was 
shown the equation 7 x W + 22 = 109. The interviewer then said, "I'm going 
to change this W to an N." and showed 7 x N + 22 = 109. The student was 
then asked which would be larger, W or N. Those who indicated correctly that • 
the change made no difference were deemed conservers. The nonconservers looked 
upon the second equation as a whole new problem and. indeed, it was not un- 
common for nonconservers to say that, if the two equations were solved, the first 
equation would yield the higher number because W comes later in the alphabet 
than N Uss than half of the students gave conserving responses to the task and. 
thoimh there was little correlation between age and conservation, there was a sig- 
nificant correlation between conservation and completion of at least one semester 

ofalcebra, ' , ■ , . ■ , 

Wagner noted one tendency among the older nonconservers that is related to 
an apparently common misconception about equaljons: they were convinced that 
they had to solve for W and N before they could answer the interviewer s ques- 
tion. The implication seems to be that many students view the equation sign as a 
signal to do somethimi. rather than as a statement of relationship.This is a phe- 
nomenon that IS familiar among elementary school students. Many can answer 
6 +□ = 9 correctly, but' are stymied by 9 = 6 +□, die equation sign not ap- 
pearing in the latter case in the customary "action" position ("6 + 3 equals 9"'). 
It now appears that the misconception lingers for many older students as well. 

Another misconception about algebra has shown up in at least five unrelated 
studies from several countries, namely the persistent impression that v;iriables arc 
labels for objects, not number representatives. Foi example, in an assessment of 
the mathematical understanding of British children, there was the following task: 
•'Blue pencils cost 5 pence, red pencils costs 6 pence. I buy 90 pence worth. If 
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b i;» the number of blue pencils bought and r \u the number of red pencils bought, 
what can >ou wntc down about b and r?" Nearl> 20 percent of the 14-year-oIds 
tested answered wuh the equation b f r = 90 which indicates they saw b and r 
as labels fur the objects purchased. (8) Siiuilarl), Ekenstani and Nilsson noted from 
their assesMiient of mathematical understanding among l6->eaf-old Swedish stu- 
dents. *'lt bcenis probabkthat almost evcr> student would have given the correct 
answer to the problem 'Write in lowest terms 15/15/ but only about half of the 
.students mastered a.a. a sign that it was not clear to the other half that the letter 
IS used as 5 number representative." (7, p. 64) 

In the United States, some recent research has shown that this misconception 
persists mto adulthood. Clement and his colleagues asked a group of college en- 
gineering students to express the following sentence as an equation, using S for 
students and P for professors. "There are six times as many students as profes- 
sors at this universit>." Only 63 percent of the students gave a connect answer like 
S ^ 6P. while a typical wrong answer was 6S P. During interviews, many of 
the students who responded with 68 = P maintained that the equation nieart "For 
each 6 students there is I professor." To them, S apparently was a label for stu- 
dents, not a .symbol for the number of students, and the equation sign signalled a 
correspondence, rather than a number equivalence. (4, 5, 6. 18) 

NAEP uncovered a similar vv&iikness m translatii;g from word sentence into 
algebraic expression. Onl> 45 percent of American 17-year-olds were able to do 
the following translation problem correctly. **Carol earned D dollars during the 
week. She spent C dollars for clothes and F dollars for food. Write an expression 
using D. C. and F that shows the number of dollar.s she had left/' (3) 

Research mto algebraic understanding has revealed some common pitfalls in 
manipulating and interpretmg algebraic expressions: 

• A tendency to mix numbers and letters. When a.sked to 'Mdd 4 onto 3N", 
nearly half of British 14-year-olds responded with either 7 or 7N. (8) 

• A weakness in dealmg with denominators in equations. While 70 percent 
of Swedish 16-year-olds were able to solve 3(3x - 2) ^ 2x, less than 30 
percent were able to solve (3x - 2)12 = x/3. (7) 

• A tendenc} to ignore operations in generalizations. Kieran calls "one of 
the most common errors made in algebra" the inappropriate generaliza- 
tion of7a 7 = ato7a-7 = av(l2) ♦ 

• A tendency to ignore the hierarchy of operations in the solvmg of an equa- 
tion. Thus 2 4* 3 X 5 is read as a string from the left + 3 is 5 times 5 
equals 25''), rather than an expression tied to a hierarchy (**2 4-3x5 equals 
2 4- (3 X 5) and that equals 2 4- 15 which equals 17'*). (12) 

• A weakness in interpreting inequalities. The NAEP researchers stated that 
mos^ 13- and 17-year-olds **did not understand the .special propeilies of 
inequalities and appeared to treat inequality relationships as equalities/' 
For example, about 40 percent of the 17-year-olds failed to reverse ihe in- 
equality by a negative number. (3, p. 57) 
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• A lack of Immliarity svith the notation associated with functions. In the NAEP 
assessment. 86 percent of the 17.ycar-olds correctly answered an exercise 
like "What IS the value of a + 7 w'hen a = 5?". but only half as many 17- 
year-oUls were correct on the structurally similar exercise. "If f(a) - a + 
7. what is f(5)?" (3. p. 67) 

Some, if not most, of the misconceptions and errors thiu complicate the learning 
of aloebra are rooted m students' first experiences in algebra and the conceptual 
frameworks they create to assimilate those experiences. Kieran's research has 
shown how students naturally build their frameworks on their arithmetic experi- 
ences and how. if this is not done carefully, it can lead to errors. (11, 12) She has 
idenufied several so-called ••conceptual schemes^; that underlie the initial learn- 
ing of algebra, among them: 

I QiMsi-equahtv scheme, which is based on the notion that the equal sign is 
an operator calling for action, rather than an indicator of equivalence. Two 
kinds of errors can result from too strong a reliance on this scheme. First, 
equations vVith.an unknown on the loft side are solved in,terms of the first 
numeral on the right-side. Thus. 4 + x- 2 + 5 = ll + 3- 5 is solved 
by many students a^ if it were 4 + x - 2 + 5 = 1 1 and they put in 4 for 
x: 4+4-2 + 5= 11. Second, students derive the notion that ••it doesn i 
matter when' you perform the operations, as long, as they gat totaled up 
sometime." Thus. Kieran reports that after writing 4 + 4 - 2 + 5 - M 
. for the above exercise, many students continue \vith 4 + 4 - :) + 5 - 
II +3-5 = 9. in.their minds, the task of finding a nui.iUr for x and 
the task of combining the numbers on the jiglit side of the equation are not 
as integrated as they should be. 
-> Rediwibuiioii scheinc, which is based'on the notion that ••taking some- 
" thing off one number and adding it to another dpes not change anything, 
Thus 37 + b = 168 could be transformed to47 + b = 138. vyhere 10 
is addVd to one side and removed from the other. Of course, the same scheme 
applied on one side of an equation is valid: 3x + 17 = 47 is equivalent to 
3x + 5 - 5 +-17 = 47. 

Levels of Meaning and Levels of Readiness 

What makes the learning of algebra especially difficult, and so too the teach- 
ing of algebra, is the matching of levels of meaning with the levels of learner 
readiness. Each of the primary algebraic concepts-variable .and equation--can 
have several different meanings, depending upon context, ;{nd a learner s ability 
to understand and make use of a particular meaning depends in good part on that 
learner's cognitive development. (For a more complete treatment of cognitive 
development, see the chaptbr ••Individual Differences Among Mathematics 
Lerrners ") For the present it suffices to note that until they are in early adnles- 
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cence 02 10 14). most tluldrcn are coiiLrete operational (in Piagetian terminol- 
ogy) and their thinking is largel> tied to their perception.s. Once they enter the 
formal operational Mage of cognitive dc\clopincnt. the> are able to do more h> . 
potheiiLal reasoning, keep two or more \ariables in mind at one time, think about 
their own thinking, and so on. 

. The hnei) of cognitive de\elopnient arc never elcarl> drawn. In any random 
group of teenagers, there are likely to be individuals who are in the early concrete 
operational j^tagc. others who are late concrete operational, and btill others who 
are early fomial operational. When such a group ib introduced to multilcvclled 
concepts like algebraic equations and variables, it is not surprising that funda- 
mental misconceptions arise. Furthcriuorc. as Mat/, points out. when young peo- 
ple move from arithnietiL to algebra in their schooling, thc> are quietly expected 
to take a giant leap m their matheniatiLal problem-sohing strategies, while the> 
have learned to expet t in arithmetiL that merely apply ing algorithms like long di- 
vision will .see them through, m algebra they must compose and carry out plans 
for solution. (15) 

Mat^ identifies i>cvcral meanings for the concept of equation. First of all, there 
is the meaning that most elementary school children attach to it. namely, a am- 
nc'Lnon between a procedure <///(/</ rat;//— doing the operations on the left side 
of the equal sign produces the answer on the right side of the equal sign *'An- 
' swer'* is an essential conipiMicnt of this meaning of equation An example of what 
people have in nund when they apply this meaning is 6 + (7 x 2) = 20. Sec- 
ondly, there is tauiolo^ktil meiuiin^. with the equation used as an expression of 
equivalence between two algebraic expressions. Examples are (\ + 2)(\ f 3) = 
X- 5x 6 and 4x -f 12 = 4(x Hr 3). Lastly, there are equations used to ex- 
ivnstraintiiun MuUibks, u.sually in\iting solution. An example is the linear 
equation 3x + 3 = 2x Hh 7. 

From a transcript of a classroom lesson. Kemme illustrates how multiple 
interpreiauons of ' 'equation'' can drive a wedge into teacher student communi- 
cation. ( IO) ln the transcripts the teacher posed a problem: 

There is a certain miniber o/mdents in the classroom. If there are twice as 
nuiny ami then another were aildeJ to it. then there w onU be 42, liow many 
stmlents are there? ' 



Several students arrived quickly and intuiti\ely at the solution 16 The teacher, 
still hoping to u.se this problem to illustrate how to traaslatc from word problems 
loeqiiauojis, asked. 'AVhatkindof equation could you write in this casc*^" Since 
they knew the solution, several students answered, quite legitimately: - 16." 
The teacher, of course, wanted the equation 2x + 10 = 42 as an answer. To the 
teacher, '^equation'* had a definite functional meaning, a tool for figuring out the 
solution. To the students, the term ^'equation" included a tautological meaning: 
the mere statement or the answer. Because of these different meanings, the class 
discussion turned into a verbal wresUing match, with the teacher trying to twist 
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his desired eciuuiion Ironi the MiKienis, while the> reinained unpersuaded and 
confused. 

Kcmnic^s iranscnpi lUustraics a common trap for tcachoR of secondary school 
mathematics. It is all too tempting, as Herscovics and Kicran point out, to con- 
centrate on training students to de\clop their skills in manipulating equations and 
to mnore an entirely different skill— constructing meaning for the concept of. 
equation, Kieran^ research has convinced her that facilitating the learning of this 
skill IS not an easy task. The impression among most adolesce;its that equations 
are what they appeared to be in arithmetic— expa^ssions of the process that be- 
gins with a computation and ends with an answer— is an impression that assists 
change. (12) The section of this chapter entitled ''Teaching Algebra'' discusses 
some proven methods for changing this impression. 

At the same time they are constructing meaning for the concept of equation, 
students must a^^o conic to grips with the several levels of meaning for the con- 
cept of variable if they arc to develop a deep understanding of and facility with 
algebra. Hart's report of England'sextensivc research program, Concepts in Sec- 
ondary Mathematics and Science (CSMS), lists six different:Mnterprctations that 
algebra students must attach to the use of letters in equations (8) We list these 
interpretations and include examples of questions where each interpretation is ap- 
propriate. ^ 

1. The letter has a numerical value from the outset— '*What can you say about 
M ifM = 3N 4- I andN = 4T 

2. The letter is not used directly, and can be ignored to the extent that it need 
notbeevaluated— "If A -fB=43,A4^B + 2 = ?" 

3. The letter is used as a shorthand for an object, or for an object in its own 
right. For example, ''2A -h 5A ^ 

4. The letter is used as a specific but unknown number— 'Add 4 onto 3N.'" 
^ 5. The letter us used as a generalized number, able to take on more than one 

value— "What can you say aKout C if C D = lOand C is less than D?" 
6. The letter is used as a variable, that is, it represents a range of unspecified 
values, and a systematic relationship is seen to exist between two such sets 
of values— "Which is larger, 2N or N + 2?*' To understand this question 
well enough to answer it. a student must be able to grasp how both 2N and 
N -f 2 will vary as N varies. 
The CSMS study revealed that the majority of British students aged 13, 14 or 
15 were not able to cope consistently with exercises that called for Interpretations 
4 through 6 above. To Hart, this implied they were still concrete-operational and 
that they would need to develop into the fonnal operational stage before they could 
move smoothly among these last three interpretations. Since a basic understand- 
ing of algebra depends at least on Interpretation 4 and later applications of alge- 
bra depend on Interpretations 5 and 6. it is clear that it is possible to overtax the 
readiness of many teenagers to solve algebraic problems. It is important to chal- 
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lengc algebra students, but it is cquallj iinix)rtaiu to align the challenges with their 
cognitive development. 

Some researchers have sought to define that alignment more ele;irly. From liis 
\vork with engmeenng students described earlier. Clement reminds us that un- 
dersiandmg an equation in two variables (S and P in his problem) appears to re- 
quire an understand uig of the concept ol' vanable at a deeper level than that required 
for a one-variable equation. (4) Adi condueted a study tg determine whether in- 
dividuals were more successful with one approach to solving equations than w ith 
another, aecordmg to their level of cognitive development. (I) She considered two 
approaches to solving equations: 

I , The reversal method: <^ x - 2 _ 

^ *^ 3 



*'\Vhat must I subtract 
from 5 to leave 2T\ so ... x - 2 _ ^ 

3 



*nvhat divided by 3 gives x - 2 = 9 
3 as an answer?' \ so 

"What number, take away 2» 

leaves 9?'\, so... x = II 

2. The (onipenMtnon method (if you act on'one side of the equation, com- 
pensate by doing the same to the other side): 
\^ 



" .3 



3 - = 0 

3 



3 - 



3 = 



X 



- ? . X - 2 X - 2 



3 

X - 2 



ERIC 



.12 U ' 



TiWhhi\* and Lniniwi^ Ali^ehra 



9 = X - 2 



-I ' 
) 



X = 1 1 

Adi concluded from her stud\ that, of the two methods, the reversal method was 
much easier to loam for individuals at the early concrete operational stage than 
lor individuals at the carl\ formal operational stage. For the latter group.' the re- 
sults did not favoi- either method over the other. 

Errors and lui.seonceptiou!, in algebra arc not random. It is a new terrain lor 
.stmlciUs, quite different in its.demands than the arithmetic they are used to. and 
tlic :uajority of students begin their algebra experience with developmental lim- 
lUitions. As a result, many ovcrgeneralize the rules that, have worked for them in 
aridimetic ("Which has the .Uirgcr solution, 6N + 3 A '♦l or6T + 3 = 41? ! 
won't know until 1 find the mimber.s that work." ) o/thc rules that have worked 
for ihein before in alttcbra ( -Solve x-- 3x + 2 f 7. When 1 had x-' - 3x + 2 
= 0, I set X - 1 =0 and x - 2 = 0, so x = / orx = 2. Now 1 11 set .\ - 1^ 
= 7 ami x - 2 = 7, so X = 8 or X = 9" ). l^lat/, studied this phenomenon of 
ovcr4cnonili/;«ion and concluded that adept p/oblem solvers generally try to re- 
write mi unfamiliar problem so it can fit a relevant rule, while unsuccessful al- 
gebra problem solvers get lio*ikcd into altering'thc mle to fit the unfamiliar problem 
Clianginu a rule to fit a problem isn't alwi/ys wrong ("There probably is a rule 
thai .savs'that aX + ay + az = a(x + y ^ /.) since there is a rule that ax + ay 
= a(x' y)."), but Maf/.'s work conljhns that good problem solvers are no.l 
trapped into using it as a general strategy. (15) 

Teaching Algebra / 

Many of the research studies tha/have investigated how young people learn 
algebra "have also contained teaching components. Once the researchers have 
Identified thought processes, successful strategies, errors, and misconceptions,' 
they applied sonic experimental ijistruction in an attempt to eliminate the en-ors 
and' misconceptions. Forexampljf, Herscovics and Kieran recogni7.ed how natu- 
ral It is for teenauers to perceive/ilgebra as generalized arithmetic and so they de- 
si-ned a sequenccof instruction thai can take advantage of this perception, while 
It minimizes some of the talsc'generalizations many young people make, (9) in 
opting for this stratesjy, the researchers were on solid ground made evident by 
teacher effectiveness Veurc/i. effective mathematics teachers identify and com- 
municate the continuity of i/iathematics to their students. (2) 

Herscovics and Kieran' also chose to heed the research on cognitive devel- 
opment, and so avoided an early plunge into a totally symbolic approach toequa- 
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tions ami unknowns. Instead, the> begaii b> working with iheir students ( 12- and 
13-ycar-olds) on strictl> arithmetic ei|uationi», focusing on the notion of equiva- 
lence and investigating the effects of various 0[>erations on equivalence An es- 
sential component of their instruction was a sequence of nondircctivc questions 
aimed at giving students room to construct meaning for the concept of equation 

Thus, 
♦ 

•*Can you use the equal. sign with an operation on both sides '" 
produced 

5x4 = 4x5 
2 6 = '6 h 2 

*'Can you give mc an example with a different operation on each side''" 
produced * 

5 4-5 = 5x2 



produced 

4x3 4-1-3 = 3x24-4 
3 4-54-4=l2-~44-4 

The rcseaivhers defined such identities as **arithnietic identities/* leaving the 
term ''equauon" for the algebraic usage, and leaving diemselves free to build the 
bridge from the familiar "arithmetic identity" to the less familiar '^equation " 
Given the evidence that cognitive development is an everpresent influence on a 
young person^ mtitial learning of algebra, the researchers rccogni/ed diat bridg- 
ing the two must parallel the bridge froinconcrctc representations to abstract rep- 
resentations. Hence, the first step on the bridge was to cover one of the numhers 
in an arithmetic identitj with a finger and to define "equation" as **an arithm nic 
identity with a hidden number." 

**What\s the hidden number in this equation?" 



At the next lev eK the hidden number was represented pictorially. namely, with a 
box: 

6 4- n - I = 5 X 2 
Finall) , after working with equations represented in thpse concrete and pictorial 



•*Can you give cUi excuuplc in which you have more than one opcnuion on each 
side?" 
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wayo. the btudeius ucnr rtMdv to deal with the abstract representation: 
2x a + 5 = 74-6 

Interested teachers bhould read Kieran's papers (II, 12) and the article by 
Herscovics and Kieran. (Vi Briefly . however, their research study led to the fol- 
lowing two conclusions: 

U The throwback notion among young teenagers that equations are expres- 
sions of action in which numbers are acted upon and answers produced, 
though resistant to change, does tend to change after an instructional se- 
quence like the one described above. 

2. When Herscovics and Kieran tested their students after a summer layoff, 
they found that gathering unhke terms (e.g.. saying that 7a + 5 = 40 is 
equivalent to 12a = 40) had become stronger, not weaker, as a conceptual 
scheme applied to simplify equations. As Kieran points out. however, re- 
seiuxrh on how people process and retrieve information shows that old ideas 
die hard, even after instruction has seemed to put the wrong old ideas to 
rest. Renewed instruction— again based on the student's construction of 
meaning for the concept of equation— would seem to be necessary to al- 
low many students to assimilate the appropriate schemes for handling 
equations. ^ ^ 

The researchers made the following three recommendations: 

1. A sequence like the one outlined above should precede the more tradi- 
tional and typical initiations to algebra, like **think of a number' ' exer- 
cises and word problems. 

2. To circumvent the sort of confusion about conserving variables that Wag- 
ner reported, a variety of letters should be used to represent hidden num- 
bers in equations. 

3. Teachers should not be too directive in leaching **Do the same operation 
to both sides oi the equation." The students who worked with Herscovics 
and Kieran settled comfortably into this strategy as a way to decide if two 
expressions were equivalent ('^Someone started to solve this'equation: 6 
-f 39ni - 4 4- 2 = 43. This was the way they started off: 6 + 35m + 
2 - Is ii alright to do this, or not?**'), but the novice students, espe- 
cially, did not find the strategy helpful in ^c;/vm^' equations. 

Cognitive development is an ongoing process of assimilating information into 
conceptual schemes and adjusting the conceptual schemes accordingly. It is not 
always a process that progresses smoothly, however, and so occasional lapses in 
students* algebraic skills and understanding should be expected by teachers. 

When Hart and her colleagues realized from the CSMS study that so many 
British teenagers had little access to three of the six interpretations of letters used 
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in equations, probably because of their not having developed yet beyond the con- 
crcte operational staue. they saw the need to recommend activities that are more 
pictorial than symbolic, and so allow concrete-operational students to construct 
nicanina for the concept of variable. Here is a suggested exercise, (8. p, 1 18) 




i 



Ask students to find the number of white tiles needed for perhaps 10. 20. 40, 
and eventu(dly 100 black tiles. Challenge them to come up with a rule that 
expresses the relationship between the numbers of black and white tiles. 

With many pre-algebra .students any discussion of patterns or rules need not be 
expressed symbolically or algebraically. What is more important is that they have 
the chance to become familiar with, and discuss, variable relationships such as 
the dependency in the above example of the number of black tiles on the number 
of white tiles. 

The longer an algebraic misconception persists, the harder it is to remove it 
through instruction. Rosnick and Clemem confirmed this principle when they 
worked with nine of the students »'ho reversed the variables S and P m the stu- 
dent-professor equation. (18) They tried seven different ways to change the pat- 
tern of reversal, ranging from just telling the students that the reversal is incorrect 
to asking the .students to draw graphs or to test the equations by plugging in num- 
bers. At least seven of the nine students demonstrated to the researchers, in one 
way or another, that they maintained the reversal nii.sconception even after the at- 
tempts at remediation. 

What can teachers do to prevent misconceptions about algebra from becom- 
ing so deeply rooted? One strategy is to engage students in an early, pre-algebra 
process of constructing meaning for equations and variables, such as that pro- 
posed by Herscovics and Kieran. Teachers can also guard against the growth of 
misconceptions by carefully monitoring their own use of language in algebra 
classes For example, Rosnick points out how easy it is for teachers to drift into 
careless remarks like "Let P = professors." rather than the more pedagogically 
sound -Let P = the number of professors." (17) As is clear from the work ol 
the researchers cited in this report, both "equation" and "variable" (or "un- 
known'') have multiple levels of meaning, and the meanings a teacher attaches 
to the concepts at any one time must match the meanings attached by his or her 
students. 
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Usbkin has dc\eloped an extensive program to incorporate meaning into thl* 
leammg of algebra through the regular use of applications. (20) In particular, the 
goal of the program. Algebra Through Applications, is the construction of alge- 
bra out of real'world problems, rather than the application of an already-con- 
structed algebra to real-world problems. Usiskin has eliminated some topics he 
believes need no attention m beginning algebra, such as traditional word prob- 
lems r*John can shcvel a walk m 3 hours and Mary can shovel it in 2 hours. How 
fast can they shovel the walk if they work together?"), trinomial factoring 
(X- + 6x 8 = (X 4- 4Kx 4- 2)) and the manipulation of complex fractional 

expressions (21) 

x' -f 3x - 4 

instead, the program emphasized probabilit), statistics, operations, and 
problems and patterns arising from real situations, such as politics and various tasks 
in measurement. 

The program has been independently evaluated, with groups using the pro- 
granvcompared with groups taught traditionally in 17 schools. (19) For the most 
part, there was no significant difference in achievement between the two groups 
on achievement on several tests, although in 6 of the 1 7 schools the applications 
group did significantly better on a test designed to capture the materials in the 
program anddld no worse than the traditional group on a standardized algebra test 
The researchers who conducted the evaluation concluded that, at the very least, 
the materials can be used with traditional first-year algebra textbooks as a source 
of relevant applications. They did, however, recommend that schools adopting 
the materials conduct a faculty seminar on their use. 

Microcomputers promise to be a rich source of algebra learning activities. Since 
many algebraic in\estigations can become mired in lengthy computations, the 
computer can make such investigations more accessible. 

Detemnning the solutions of polynomial equations provides one such exam- 
ple. Given a positive integer N and integers Ao, A,, — , A.s, how could you find 
solutions for A^x"" 4- A^.,x^'^ + ... + A,x + A^ = 0? For advanced algebra 
.students the question is a rich one, loaded with potential mathematical learning, 
but prohibitive because of the computations required. Moursund has developed a 
program for the microcomputer that allows students to probe their way, using graphs 
and tables, to the discovery of solutions. (13, 16) Zabinski and Fine have shown 
how the computer can be used to develop a di,scovery approach to quadratic 
equations. (23) Landry has detailed how his students' use of microcomputers to 
approach a topic foi which the computer is not particularly well-suited— solving 
linear equations like 3x + 2 = 4x - 7— led with some incidental development 
to new and deeper insights into linear equations. (14) 

The potential of the microcomputer as an algebra teaching and learning aid is 
undeniable. One study has confimied the value. As a follow-up to their research 
into algebra misconceptions, such as the student-professor equation reversal, 
Clement, Lochhead, and Soloway attempted to find ou: if a basic introduction to 
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computer ptoaramnimg, whore variables clearly repa-sent nunibcrs.and where an 
equation expresses the equivalence resulting from the interaction of variables and 
numbers, could change the misconceived tendency among many veteran algebra 
learners to perceive variables as labels for objects and equations as statements ol 
correspondence between the labeled objects. (6) The researchers found that with 
just some introductory progranmiing experience, most students who 'ended to re- 
verse variables wrote equations correctly when they constructed them in a pro- 
uraniming context ("At the last company party, for every 6 people who drank soda - 
There were 1 1 people who drank punch. Write a computer prx)gram in BASIC which 
will output the number of punch drinkers when supplied with the number of soda 
drinkers Use S for the number of people who drank soda and P for the number 
of people who drank punch.") Concerning their results/the researchers hypoth- 
esized: -Computer programming apparently encourages an active, procedural view 
of equations that many smdents fail to use in the context of algebra. (6,p. I ) 

The results of this smdy are exciting in themselves and they are even morc 
exciting because of the compatability they hint at between computers and the 
teaching of algebra. Further research is imperative. 

Conclusion 

In this chapter we have focused on the concepts of variable and equation. Other 
topics are important to algebra teachers and students, of course, .such as functions 
and graphing, but since the effective learning of all topics hinges on an under- 
standing of variables and equations, we have chosen to concentrate on the two 
fundamental concepts in this report and to leave the others for treatment else- 

'■^""Pcrhaps more during beginning algebra than at any other time in their school 
careers secondary school students mu.st .see mathematics as a foreign language. 
There are multiple levels of meaning and various visual and .syrnboHc repre.sen- 

■ tations. As with any foreign language, translation skills arc e.s.sential to success, 
and algebra students mu.st learn to translate between vi.sual and symbolic repre- 
.sentations and among the several levels of meaning for variables and equations. 
Helping students to learn these translation skills is o;^e of the most difficult tasks 

• faced by anyone in the teaching profession, and despite the promising textbooks 
and computer programs that have appeared and that will appear, the teacher re- 
mains at the center of that task. 
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Does traditional deductive geometry have a future in the 
curriculum? Many students find it very difficult and I find it 
difficult to convince students they should take iL 



Among adults' recollections of school n^atheiuatics, those connected with high 
school geometn- are often tKe most vivid. Tl,'; combinations of propositions, proofs, 
problems, and'constructions that arc.encotutered there seem to leave few indi- 
viduals with lukewarm reactions. Either th- experience was refreshing for them 
m'lis consistency and clarity, or it wa^ p..Jnfully fnistrating. Because the latter re- 
action IS not uncommon, and because about 50 percent of high school students 
now choose not to enroll in geometry courses (14), some educators question the 
value of traditional Euclid-based geometry and wonder whether we shouldn't just 
let it disappear fcom'the high school curriculum. 

When It is viewed as the study of space and spatial relationships, and not just 
as the deductive sy,stem thai Euclid built, geometry has an acknowledged solid * 
footing m'mathematics education. Usiskin (22) cites three reasons for this solid 
fooling: 

i) Geometry connects mathematics and the real world. 
II) Geometry enables ideas from other areas Df mathematics to be pictured. 
For example, geometry lends visual aid lo subjects like advanced algebra 
and calculus, and hence makes them more i^ccessible tojearners. 
ill) Geometry is an example of a mathematical systeni-M)i fact, one of the 

earliest examples available to students. ^ 
The force of such standing. in the mathematical family argues against elimi- 
nating geometry from the high school curriculum. Yet, undeniably, geometry lacks 
stature among high school students. In the recent National Assessment of Edu- 
cational Progress (NAEP) in Mathematics, ''doing proofs'' received the lowest 
*M like'" rating by seventeen-year-olds from a list of content topics. Worse yet, 
less than 50 percent saw the topic as important. (2) ^ 

Thus, the concern of teachers like the one whose questions opens this chapter 
is very realistic, a divides into two questions that may be addressed by research- 
ers and curriculum developers. First, why do so many students have trouble leaming 
deductive geometry? Second, what strategies and materials are available* for making 
geometry understanding more accessible to students? 

The remamder of this chapter treats each question in turn. In brief, an answer 
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to ihc tirsi question ii> taking shape troni several research studies that have iden^ 
titled some apparent mismatches between traditional geometry instmction and the 
cognitive needs of most teenagers. Out of this and related research and devel- 
opment come answers to the second question, in particular, the strides made in 
delmeating the several levels of geometric understanding, combined with the tre- 
mendous potential for using micnKomputers to aid in geometry instruction, make 
It appear that geometr\» somewhat changed in content and presentation wiD i^<un 
new life in the high school curriculum. 

Difncu!ties in Learning Geometry 

Young people can have a variety of difficulties in learning geometry, ranging 
from vocabulary to visu-ili^.iuion, and frpni making deductions about the prcj 
cniesvof geometric figures to applying those properties to reaUworid problems 
During the past decade several studies have probed the nature of those difficul- 
ties, while others have sought their source. 

In Its geometry .section the recent National Assessment of Educational Prog- 
ress (NABP) dealt primarily with geometry ideas students would probably en- 
counter outside of a fonnal course in deductiv. geometry. The results showed that 
students could generally recognize geometry figtiies, but they were less success 
ful in their knowledge about properties of those figures (for example, that the sum 
of the angle measures of a triangle is 180°). Furthermore, high school students 
. who had taken geometry for a year generally scored much higher in knowledge 
about geometric properties than their peers with ho formal training in geometry 
Even in figure recognition, students tended to run into problems if certain vocab- 
uhary terms like '^congruent** or ^^symmetric ' were used. When a problem used 
the phrase '^same size and shape" rather than ^'congruent/' the success rate for 
the problem was considerably higher. (2) 

Another NAEP conclusion dealt with problem solving. The majority of both 
IJ-and 17-year-olds were unable to .solve routine problems involving similarity 
of triangles or the Pythagorean Theorem. Among the students with a year's ex- 
perience m a geometry course, slightly more than half solved the Pythagorean 
Theorem problem correctly while two-thirds solved the following similarity 
problem correctly: 




30 Ft 



The picture shows hovv Josc used a short tree to find the height of the tall tree. 
What answer should Jose get? 
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D/X//C/////0 null \hiuih:atwn and Vouibniary The NAEP researchers were 
able to reach several other conclusions from students' incorrect answers First, 
students can handle some geometric problems much better if they are able to deal 
directl) with a visual representation of the problem than if they are required to 
work from an abstract representation of die problem. For example, when 13-year- 
olds were shown vario\is triples of hnc sei^nients and asked to select the triples 
ihat.could serve as sides of a triangle, two-diirds of them were able to do the task 
.successfully, yet when they were given the same task with only number triples to 
work with, almost 90 percent failed the task. More than 80 percent of seventeen- 
year-olds failed the same task. (2) 

A second NAEP conclusion concerning students' interpretations of diagrams 
will come as no surprise to most geometry teachers. When hard evidence is lack- 
ing, students will often make conclusions based on appearances alone For e\- 
aiiiplc. m a diagram in which insufficient infpniuition was given to allo\v students 
to deduce the si/.e of a given angle. 30 percent of the seventeen-year-olds were 
duped by the angle appearing to be 90°. Among the subgroup of seventeen-year- 
olds with a yearl geometry experience, however, two-thirds responded correctly 
that there was insufficient information. 

' In a similar vein. Robinson has listed 25 common difficulties and miscon- 
cepuons of students in geometry. (20) For example, she found that many students 
have trouble rx^cognuing overlapping triangles, as'in the task of pointing out why 
there are more dian three triangles in the following picture: 




As It appears m this exercise, overlapping is a rclaticni between triangles and, 
m fact, most of the 25 difncultics Robinson outlines involve relations, including' 
is parallel to 
is perpendicular to 
is supplementary to 
is complementary to 
is in the same ratio as 
is congruent to 
bisects 

Vollrath studied one particular difficulty many students have, namely, recog- 
nizing j/mtogeomeim shapes. (26) Working with young people who ranged in 
age from 8 to 19, Vollrr.th set them to work on sorting tasks— exercises in which 
they were shown collection of shapes and aske^i to group together all shapes in a 
particular collection that fit a certain criterion. At times the task was expressed 
as 'Tut all similar figures together'', at other times, the instruction was "Put all 
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figures with the same shape together/' Neither task proved easy at any age level, 
but an interesting phenomenon revealed itself, one that underscores the impor- 
tance of teachers' awareness of their own use of language. Sorting according to 

sinular'' led students to focus on attributes of particular figures within a group- 
ing, while "same shape" led thcni to focus on broader patterns, For example. 

•similar*' led to sorting out all rectangles in a group with the same width, while 
"same shape'' led to sorting out nil the rectangles, as if the students were iden- 
tifying "same shape'' with "shape-name". 

" Vmncf and Hen>hkowitz tested over 500 students in grades 7. 8. and 9 to identify 
what kinds of imagci. young people ^ittach to certain geometric concepts (25) For 
example, when asked to circle in a group of drawings all of the right trinngles. 
fewer than 70 pea:em included V-->>^and 40 pcrcem in- 

V> 

clud tKy^^\^ pparently, "'^'^ nm^^^ associated so tightly with the 

concept of right triangle that there is little room for variation. 

Similarly, whenjhey asked the students to draw altitudes to yarious tMangles. 
fewer than 10 percent were able (o do it correctly for side a in a triangle such as 




The researchers concluded that, in the minds of most young people, the image of 
altitude to the base of an isosceles triangle replaces a more general image for the 
concept of altitude. 

Fisher smdicd how students distort geometric concepts because of the influ- 
ence of picmres. (5) In particular, she was concerned with the type of distortion 
m which students make incidental visual clues into essential features of a con- 
cept. Thus, a vertical-horizontal orientation can become so attached to the con- 
cept ''perpendicular" that something like^ will not seem to be an example of 
the concept. Fisher asked the question, ''Do students form concepts that arc biased 
m favor of upright figures?" Her study of 6th-graders, 9th-graders and college 
Mudents convinced her that the answer is yes and that, regardless of instruction 
favoring upright figures or instruction favoring a variety of orientations, students 
at all levels can more easily recognize upright figures than tilted figures as ex- 
amples- of concepts. 

Proof leads to student difficulties that are probably the most conspicious of 
all such difficulties to geometry teachers Jn good part because proof is one of the 
most sophisticated challenges in all of school mathematics. The chapter ''The Path 
to Formal Proof" focuses on the topic in detail. The present chapter views it in 
context, as one of the last in a line of difficulties, and concentrates on the kinds 
of concept and skill development young people must pass through in order to be 
ready for deductive proof. 
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One model of that developmem that has received considerable recent atten- 
tion IS the van Miele model. According to the nialel, all children progn:ss through 
several levels of geometric understanding, and the van Hides have claimed that 
a combination of time, content, and teaching methods will carry each child from 
one level to the level followmg it. Several very good descriptions of the van Hiele 
model are available, and interested teachers can read about it in detail in Refer- 
ences 3, 10, 20, 23. 24, 27. Hoffcr*s description (10) is very well written, and 
because he includes many examples witir his description, we strongly urge teach- 
ers to read it. Briefly, as he describes them, the proposed levels arc: 

Level I. Recoi;nition.lihc student learns some vocabulary and njcognizes a 
shape as a whole. For example, at this level a student will recognize a picture of 
a rectangle but usually won't be aware of many properties of rectangles, such as 
parallel opposite sides. 

Level 2. The student analyzes properties of figures. At this level a 

student may realise thtu the opposite sides of a rectangle are parallel and con- 
gruent, but\vill not yet' notice how rectangles relate to squares or right triangles 

Level 3, Ordering. The student can logically order geometric figures (for ex- 
ample, all squares are rectangles, but not all rectangles are squares), and under- 
stands interrelationships between figures iuid the importance of accurate definitions 

Deductive thinking skills are not fully developed at this level. Although stu- 
dents at this Icvei may be able to understand the relationship of the class of squares 
to the class of rectangles, and the relationship of the lat. r to the class of paral- 
lelograms, they may not be able to deduce why the diagonals of a rectangle are 
congruent. 

VVirszup has described how deductive thinking begins to take shape at Level 
3. As students collect the visual properties of various shapes, the growing col- 
lection asks for organization, and that is the start of deductive thinking (27) 

Level 4. Deduction, The student understands the significance of deduction and 
the role of postulates, theorems, and proof. 

At this level students will be able to use postulates to prove statements about 
rectangles and triangles, but this thi^^king may lack enough rigor for them to un- 
derstand why the postulates are necessary. 

Level 5, Rigot\ The .student understands the importance of precision m deal- 
ing with<foundations, such as the collection of axioms and postulates at the foun- 
dation of Euclidean geometry. 

This IS a level of sophisticated thinking rarely reached by high school stu- 
dents. Later, m college mathematics, many will be able to reach an overview of 
Euclidean geometry that permits them to adjust to the different systems of non- 
Euclidean geometry, where rectangles, for example, do not exist. In the mean- 
time, however, the vast majority of high school students never get beyond hon- 
inu their deductive thinking skills at Level 4, if they reach that level at all. 
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riic proof skills thai reach tVuuioii ai Lc\ el 4 begin to develop at earlier levels 
and evolve :llruagh their o\vn set of sublevcls. Van Dormoleii (24) has described 
thoie sueh lijlblevcls: 

a. ProolV that arc very local and case-specific. For example, if asked to de- 
sc?ibAthe effect o\\ points in the plane of a rotation through students 
at toyublevel will pick a point, say (2,3). carefully rotate it W to get ( - 3, 
2).*;tnd sifop there, 

b. Pioofs that arc more general, focussing on collections of similar objects or 
cases and not on ^ingle cases. With the above example, smdcnts at this 
suhJevel can look beyond the single case (2. 3). in fad. they might even 
deduce that (2. 3) rotates to ( - 3. 2) from the realization that (2. 0) rotates 
to (0, 2) and that (0. 3) rotates to ( -3. 0). . 

c. Proofs that are ^'tv/mj/. At this sublevel, students can prove that any point 
(a. bKrptatcs to (-b, a). / 

It is nnportant to point out that the van Hide model of levels of geometric un- 
derstanding is a hy[X)thctical model. In fact, van Hide himself has a^cently voiced 
doubts about the existence of Level 5. (23) However, several smdies have shown 
that the model is a«valiiablc tool for exploring geometric understanding. 

Usiskui and Senk conducted a study of several thousand high school geom- 
etry ^students to determine what changes in van Hide levels take place during the 
year of geometr> . and to determine how well the van Hide levels of students en- 
iermg high school geometry can predict the level of thcir,proor skills at the end 
of their year in geometry. (21, 23) Of course, in order to make these detertiiina- 
cions, the researchers had to begin by determining how many of (he students fit 
the van Hide model and, of those who did. what their levels were. With sets of 
questions representmg tasks at each level as the gauge, the rescarchcp; micd out 
students who qualified for two'lcvels but not the level in between Here arc two 
examples of the questions they asked, one for Level I , the other for Levd 3: 

Level I: Which of these are triangles? 






(A) None of these are triangles. 

(B) V only 

(C) Wonly 

(D) W and X only , 

(E) V and W only 

Level 2: What do all rectangles have Uiat some parallelograms do not have? 
(A) opposite sides equal 
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(B) diagonals equal 

(C) op{5ositc sides parallel 

(D) opposite angles equal 

(E) none of (A)-(D) 
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Accoixiing to their criterion, about three-ciuaner^; of the students fit the van Hiele 
model. Remarkably, over one-half of those students were at Level 1 or below! 

The study delemuned that during the year of geonietiy , more than 50 percent 
of those students at the lowest level moved to Levels 2 or 3. but that about a third 
of them remained at Level 1. (23) Furthermore, the study found that after a full 
year of a geometry course with proof, only about half of the students could do 
Iwore than simple proofs. (21) Finally, as a predictor of how well students will do 
with proof after a year-long geometry course, the van Miele model proved to be 
somewhat successful. In particular, it appears that if a student enters geometry at 
Level 1 or below, there is little chance of success with proof, Level 2 implies a 
better than even chance of success, and Level 3 and above imply a good lilceli- 
Tiood of success. (21 . 23) 

Since Mayberry's rese;ux:h indicates that a .student may be on ditferent van Hiele 
levels with respect to different topics within geometry (18, 23). it is clear that re- 
searchers have not finished the ta.sk of defining the development of gcoinelric imi 
deretaiiding. In general, however, the viin Hiele model is proving to be a valuable 
tool for the task. 

Instructional Strategics 

Once teachers get a clearer view of students" difficulties with geometry and 
the sources of those difficulties, they can begin to adjust their teaching strategies 
aceordingly. For example. Wirszup points out that one implication of work with 
the van Hide model is that maturation in geometry is a process of apprenticeship, 
and not just of development. (27) Consequently, teachers need to explore ways 
to smooth their apprentices' learning at each level. Coxford suggests the follow- 
ing list for ctivities at the first 4 van Hiele levels (3): 
^ Level 1 . Individual figurcrccognition. production, and naming. 
Level 2. Determining properties of the figures. 

Level 3. Dctemiining relationships between the figures and their properties. 
Thus, what arc the properties of parallelograms, how do rectangles fit in with 
parallelograms, and so on. 

Level 4. Use of Level 3 knowledge to study geometric facts from a deductive 
approach. Thus, what can be deduced about the interior angles of parallelo- 
grams once it has been established that opposite sides are parallel? 

All of these activities should be carried out through class discussions, based 
on student observations and hypotheses.. Reiterating what van Donnolen pointed 
out. a student settles into deductive proof only in stages, first concentrating on 



ERIC 



13S 



143 



Teaching and L^arnin^ Geometry 

single instances of a phenomenon, later collecting .similar instances into a pat- 
terned arra>, then finall> arguing on the most general level. When students can 
\erbahzc their understanding, or lack of understanding, of phenomena, their piecing 
together of clues to discover patterns, and their logic in deducing properties, then 
their apprenticeships can proceed more smoothly. 

Some recent resear^^h b> Greeno and Magone promises to strengthen the 
teacher's hand in proof instruction. (6) At the heart of their stud> was a convic- 
tion that students mu;,t understand what proofs are before the> can understand how 
to^ construct them. In particular. the> must appreciate that the rules of formal de- 
ductive proof are more stringent than the rules of everyday argument. In the latter 
case, statements are expected to be reasonable and noncontradictor) in the light 
of previous infonuation. Each statement in a foniial proof, however, must not onl> 
be consistent with previous statements that have been-accepted, but must neces- 
sarily follow from them. 

The. researchers call this "the principle of deductive consequence" and the> 
decided that a reasonable gauge of students' understanding of the principle would 
be a test of proof-checking, give students some completed geometric proofs with 
hidden errors and challenge them to find the errors. In some instances, the error 
might be the listmg of a reason for which no geometr> theorem or postulate ex- 
ists, in others, the error might be the use of a theorem whose conditions had not 
been established, either m the statement of the original problem or in previous steps 
tn the proof. In the following example, the reason listed for Statement I does not 
apply because it has not been established that AC is parallel to BD. 




E 



Given: AB II CB and AB = CD 
Prove: ZACD^ ZABD 

Statement Reason 

K ZACDss- ZBDE corresponding Zs 

2, Z.BDE^ZABD alternate interior Zs 

3, ZACD= ZABD transitive property 

The researchers designed a two-hour training program in checking proofs for 
15 college student,s who had taken geometry in high school but who were not very 
good at checking proofs. The program taught the students to apply the following 
5 steps whenever they were checking proofs: 

1. Check if the reason given for a statement isa v alid definition, theorem, or 
postulate. 

2. Divide the reason into its *'ir' and *'then'* components, 

3. Check the 'Mf part. Has it been shown previously in the given informa- 
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tioiu in the diagram, or in the previous steps of the proof? 

4. Check the "then-' part. Does it match the relationship in the proof state- 
ment being checked? 

5. If the stacment is the last one in the proof, docs it match the goal'of the 

problem? 

The students were tested in proof-checking along with' 15 comparable stu- 
dents who did not take part in the two-day training session. The trained students 
Nvere superior in their proof-checking. For example, gout of the 15 training pro- 
gram students were able to detect the error in the example given above, while only 
I out of the other 15 students was able to detect the error. Furthermore, observ- 
ers reported that the program students appeared to read the statements of a proof 
more carefully than the others. Finally, in a test to see how well the 30 students 
could construct proofs, the 15 program students' were superior to the others, 
promptmg the researchers to remark; "it seems likely that the training in proof- 
checking gave subjects some skills that facilitated their performance in proot 
construction problems as well.- (6, p. 36). The benefits of the two-hour training 
session seem a-markably rich, and geometry teachers should consider doing some 
similar training of their students in proof-checking. 

In his article -Geometry is More Than Proof,- Hofter (10) points out that 
learning geometry involves five kinds of skills : 
spatial 
verbal 
drawing 
logical 
applied 

He describes the kinds of activities that typify each of these skills for each ol 
the van Hiele levels, then lists activities that are appropriate for each of the skills 
. at each level. For example, a verbal skill on Level 3 is "Formulates sentences 
showing interrelationships between figures." A verbal activity (or Level 3 is "Write 
a careful and brief definition of the word 'rectangle'". 

JVansformation Geometry 

One vehicle that many educators propose for paving the way through the lev- 
els of geometric understanding is transformation geometry, that is, the study of 
renections (sometimes call nips), rotations (spins), and trtinslations (slides) in the 
plane. Robinson, whose work was citcd-carlicr as revealing the prevalence among 
students of difficulties with relational terms, argues that by studying the effects 
of such transfomiations-in piirticular, what properties stay invariant under thenv- 
students can develop meaning for relational terms like "congruence", ' perpen- 
dicularity" and so on. 

For example, congruence remains invariant under renections, but orientation 
(clockwise vs counterclockwise) docs not. By experimenting with combinations 
of transformations and discussing their effects, students can develop meaning for 
relational terms their teachers will introduce shortly thereafter. 
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Transformation gcoineU) is not new to niathciuatics education. In fact, the 
nineleenth-ccntur) mathematician Fehx Klein defined geomctr> as the stud> of 
what properties remain invariant under different sets of transfomiation. In the case 
of Euclid's geonietr>, that set comprises combinations of reflectiops. rotations, 
and translations m the plane. Transfomiation geometry gained some prer inence 
in the so-called "modem mathematics'* movement jf the nineteen-sixties. and it 
has al\\a> s been considered pan of informal geomctr>, traditionall) suggested for 
stud> in grades 7 and 8 as "the physical geometry of the space we live in. rather 
than as an abstract mathematical system." (19) 

In most American school systems, if transfomiation geometry has been taught 
at all. it has been taught at the junior high level and separated b> at least a year 
from formal deductive geometr>. This is^not the case in some other countries, nor 
IS It the recommendation of most mathematics researchers in this country, who see 
a solid role for the topic in high school. Kartowski has pointed out that the So- 
viet mathematics curriculum gives equal weight to two aspects of geometry, the 

' iai-visual and the logicp-deductive. (13) Wirszup has studied the Soviet ex- 
j/c.ience in designing a geometry curriculum around the van Hiele model. They 
pa> careful attention to the **apprentice*' aspect of the theory, according to which 
a student i» development through the various levels depends on instruction and 
curriculum content, as well as biological maturation, (27) Accordingly, the So- 
viets are quite specific in their geometry objectives, for example, aiming to begin 
Level 3 work in grade 4. Because of its natural combination of the spatial-visual 
with the logico-deductive. transfomiation geometry pla* s a crucial role in this 
curriculum. 

In Great Britain the role of transformation geometry in the curriculum has not 
been as substantial as in the Soviet Union, but a recent major study has under- 
scored the advisability of beefing up its role. Hart and her colleagues conducted 
the Concepts m Secondary Mathematics and Science (CSMS) study, a project 
similar in scope and in many of its goals to the NAEP study in the U.S. (7) The 
study consisted of interviews and tests of British students between the ages of 1 1 
and 16. One of the mathematics sections contained a series of questions involv- 
ing combinations of rotations and reflections. The tasks ranged from" relatively 
simple questions like: 

What IS the image of the given point when it is reflected through the 
given line? 
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to i\ more difficult challenge such as: 

•^Explain whv E is not the center of rotation in this picture/* 



The ta,skb that invoKed combined reflection* and rotations were the most dif> 
ficult of all for the students, so difficult, in fa< t, that Hart concludes that trans- 
formation geometr) can be a \iable and challenging topic in the curriculum, 
separate from but also complementing deducti' c geometry: '*The approach being 
advocated is one that direcLs children toward discoveries from which the rules and 
properties of the transformations can be surmised and against which ihey can be 
tested;' {7> p. 157) To this Hart adds her fimi belief that "such activities are vi- 
tal to the development of critical thinking. " (7, p. 157) 

Research confirms the complementary nature of the spatial-visual and the 
logico deductivc m the learning of geometry. In fact, the accepted description of 
concept development, especially relevant to geometry, pictures children first act- 
ing onobjects, then internaluing the actions, and finally forming conceptual rep- 
resentations. K I ) This process, for which there are no shortcuts, holds for older 
children as well as younger children. Consequently, students need extended op- 
portunities to internalize geometrically-related actions before deductive geome- 
try. Transfomiation geometry offers the framework for such opportunities As Hart 
describes it. '*The transformations can be internalized in gradual steps, by fo- 
cusing first on the actions themselves, then on their representation, and then on 
the representation of imagined actions. In addition, the resulting drawings can be 
checked at each step by a return to the actions or by reference to drawings of sim- 
ilar problems.*' (7, p. 157) - 

The task of integrating the spatial-visual with the logico-deductive in the ge- 
ometr) curriculum will not be simple, and it will require further research atten- 
tion. As Fisher discovered in her Judy cited earlier, studems form concepts that 
are biased in favor of upright, as opposed to tilted, figures. Although the bias 
doesn^t necessarily stand in the way of geometry learning, it h resistant to in- 
struction. Kidder's research into students* comprehension of rqfiections, rota- 
tions, and translations revealed that few eighth-graders were able to fonn a menkil 
image of a figure in the plane and then to mentally perform one of the three trans- 
fonnationson it. ( 15). Mental representation of such geometric actions seems to 
demand more cognitive sophistication than is available to most eighth-graders, 
and this gives further impetus to the inclusion of transformation geometry in the 
high school curriculum, as a complement to deductive geometry 

If transfortuation geometry can be as valuable a completnent to dedu(;.tive ge- 
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oinetn as research suggests, a question must naturally arise in the minds of ed- 
ucators, "Where do we niake room for it in the high school curriculum"^" 

Usiskin has suggested a route toward makmg room b> calling for the careful 
reduction uf material ordinaril> covered m deductive geometry. (22) In panicu- ^ 
lar, he recommends eliminating: 

a) Earl> vigorous proofs of obvious statements involving points, lines, and 
angles. He maintains that the facts should be covered, but informally. 

b) Expectations that students will be competent with the same general proofs 
vvntten in the same general way. Usiskin claims: * Tor judging a proof, clarity 
IS a more important criterion than the amount of detail." (22, p. 421) As 
corroborating evidence he cites the Soviet research indicating that one of 
the hallmarks of a capable mathematics student is the ability and propens- 
ity to find shortcuts in mathematics arguments. 

c) The least important theorems. Usiskin suggests the elimination of 6 sets of 
theorems, which he estimates as amounting to 2-3 weeks of class instruc- 
tion. 

Some may consider Ubiskin's suggestions drastic, but their intention is to in- 
ject new life into the teaching of deductive geometry, an area of the curriculum 
that needs and deserves new life. The research summarized in this chapter has two 
main messages that have a bearing on this new life, the timely involvement of 
students in deducti^ve geometry is a very important and irreplaceable mathemat- 
ical experience, the timeliness of that involvement depends upon a carefully nur- 
tured apprenticeship in the development of all the skills and understanding that 
must precede deductive geometry. As Wirszup has written. **The teacher's role 
in this apprenticeship includes choosing materials that can orient students toward 
becoming familiar with geometric structures, organizing conversation so that the 
structures can be uncovered, using customary terms once the structures have been 
uncovered, assigning tasks that can be carried out in different ways so that stu- 
dents can orient themselves freely , and finally guiding the students to integration 
by helping them to condense to a whole the domain their thought has explored " 
(27, p. 83) 

Conclusion 

In essence, Wirszup is underlining the essential role that the teacher plays in 
geometry instruction, a role that can be made a bit less weighty by some of the 
very good materials thai are available for classroom use In the category of text- 
books that aim toward complementing deductive geometry as outlined above are 
Hoffer's Geometry, A Model of the Universe (9) and Coxford and Usiskin's Ge 
ometry, A Trunsfornmtion Approach (4). If teachers use other textbooks, there are 
several sources of ideas and activities that will enrich the teaching of deductive 
geometry, Han's report on the CSMS study (7) contains a series of exercises in 
transformation geometry, as does the National Council of Teachers of Mathe- 
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mattes (NCTM) yearbook on tlic teaching of geometry (8). Krause s T iixicab Ge- 
omeoy (16) and the NCTMs, A Sounebook of Applications of School Mathematics 
0 1) are both excellent sources of ideas for enriching geometry instruction. 

One final source of support for teachers deserves me rion, namely, the ex- 
citing potential of microcomputer software for improving the learning of geoni- 
etiy. In particular, the microcomputer coiiki prove to be the best bridge yet between 
the spatial-visual aspects of geometry and the logico-deductive aspects Kan- 
towski has explored this potential m the context of describing several programs 
she and her colleagues have developed. (12, 13) 

One program shows students a polygon, with anywhere from three to seven 
sides. By manipulating the computer controls, the students can rotate, reflect, or 
translate the polygon on the screen to make it match the orientation of a second, 
identical polygon, hi the cour>e of their manipulation, the students must tackle 
such concepts as angle, parallel lines, and so on. 

In the second program, the computer was programmed to list, at certain points 
during geometric proof, several categories from, which a student could choose the 
type of mfomiation desired. For example, at each decision point, the student can 
choose to see a relevant diagram or a list of relevant theorems and definitions. The 
hints are provided by the computer, but the choice is the student s and he or she 
must learn what kinds of mfonnation will help the most at various points in a proof 

There is no doubt that high school geometry has been suffering through a pe- 
riod of the doldrums. The research and development activities described in this 
report have opened up the very real possibility that geometry will once again be- 
come an exciting subject to learn and an exciting subject to teach. 
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THE PATH TO FORMAL PROOF 



Constructing proofs is a very difficult task for many of my 
students. They canH even get started on most proofs. How can I 
help'' them to analyze a question or problem hiell enough to 
discover a starting point for a proofs 



On one level of learning, the role of proof is clear, ii is ihe finulamental tool 
tor eMendmg ihe field of nuuheniaiics. Yei few i>econdar> le\el siudenis aspire 
tube maihematiLians. so educators have haJ to search elsew here lb define a role 
lor proof m secondary school maihemaiics. In varying degrees since ihe lime of 
Luclid, proof has been louied as a means lo discipline ihe mind lo ihink in an or 
derly tasluon, as a \ elude Tor miproving logical ihinking, and as a siiniulus lo- 
ward the kind of responsible, criiital and refleciiNe ihinking ihal should be ihe 
mainstay of deniocraiic life. , 

llxlay s secondary school leachers are asking pressing quesiions aboui ihe role 
of proof in Ihe maihemaiiLS ciirriciiluni. Where, for example, should proof be 
taught in the ciimculuni? How tied should it be to the leaching of geometry'* How 
can we inotivate the man> students we face who are reluctant to learn how to 
conMaict proofs? Do skills in proof construction carr> o\cr to other mathemati- 
cal thinking skills? Do the> transfer to nonMuathematical subject areas'' 

Research has shed some light on these issues, and this report reviews the re- 
sults that have a direct bearing on the mathematics classroom and on the respon- 
sibiht) of the mathematics teacher. That rcsponsibilit> is threefold, to induce 
students to appreciate the \aliie of proof, to teach them what a proof is, how to 
tollow one, and how to distinguish proof from no n proof, and, to help students 
develop skills in proof construction. 

In general terms, proof is the process of reasoning from a set of premises 
through a series of connected inferences to a conclusion, in such a way that any 
doubt\ibout the conclusion must be referred back to the premises /rather than to 
the logical necessity of the inferences. In mathematics, there arc fne major meth- 
ods of prpof. (iirett proof {hiixnmg w.ith proposition P, a chain of *Mf , then" 
inferences arrives at proposition Q, so P implies Q): proof hy use of the contra 
positive (showing that the negation of proposition Q implies the negation of 
proposition P is equivalent to showing P implies Q), rednuio ad ahsurdnni (as- 
suming that P does not uiipl> Q will often produce a logical absurdity, thus as- 
buring'that P impliej> Q).pioof b\ emaneration (in certain cases it is possible to 
prove a proposition b> enumerating the instances it encompasses), finally, /^^(k/ 
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by existence isoniv DwpoMiiuns assert the existence of a aiatheniatical phenom- 
enon or situation under cenain conditions, and proof entails tlie construction of 
that phenomenon or situation). (13) Besides these five niethodsof proof in nuith- 
enialics, there arc two methods of disproof: disproof by contradiction (to show ^ 
that under certain assumptions a proposition is not true, it is often possible to show 
that the truth of the proposition would lead to a logical contradiction of one or 
more of the assumptions) and dii^proofh} counter example (to disprove a propo- 
sition It suffices to find one example that satisfies the conditions of the proposi- 
tion but not its conclusion), , ' 

Each of these methods of proof and disproof appears in secondary level 
itlathematics, yet mathematics teachers should take nothing for granted about their 
students' understanding of the use of these methods or even about their accept- 
ance of the need to use them. Discussions about each ofv these methods appear in 
( I) and (4), The book by Baxandall et cd. (I) also contains many examples of the 
use pf these methods, especially in the contexts in which they appear in the upper 
secondary grades and in the first years of college mathematics. 

Students and Proof 

Most students come neither quickly nor namrally to the use of mathematieal 
proof. The unrushed pace of cognitive development limits the ability of most 
children.to reason hypothetically or deductively unljl they are between 13 and 15 
. years of age. Even then, apparently, many have little to appeal to in their txpe- 
ricnce when they face mathematical proof. Williams surveyed eleventh g'raders 
and found that fewer than 30 percent exhibited any understanding of the meaning 
of proof in mathematics, that approximately 60 percent were unwilling to argue, ^ 
for the sake of argument, from any hypothesis they considea^d false, and that there 
was "no evidence that high school smdents understand that a mathematical state- 
ment and itscontrapositive are equivalent." (19, p.'l66) (For example, the fol- 
lowmg two statements are equivalent, with the second the contrapositive of the 
first: "If a four-sided figure is a rectangle, then its diagonals are congruent/' "If 
the diagonals of a four-sided figure are not congruent, then it is not a rectan- 
gle.'') Obviously, then, many secondary students are limited by their cogmtive 
development, by their lack of prerequisite understanding, and by their lack of ex- 
pcnence. in order to understand why so many students have difficulty with proof. 
It IS essential to isolate developmental limitations and the ways in which diey make 
themselves known, to deteimine the nature of prerequisite understanding, and to ^ 
isolate those misconceptions about proof that are more socirJ in nature and are 
. due to inexperience. ' 

Cognitive Development 

For an extensive treatment of cognitive development we refer you to the chapter 
"Individual Difference;, in Secondary School Mathematics " The present chap- 
ter IS limited to the implications of development for children's abilities to under- 
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stand and consinici proofs, lo ihcU end, a suffices lo point out that during the period 
between ages 13 and 13-carher for some children, hitcr for othc^^-childrcn pass 
itom the Mage called b> nian> de\elopmental psychologists concrete operatumal 
thmkms, when their thinking is almost coniplctcl) lied to their perceptions, to the 
stage of formal operational thinktng. v\hen the') can begin to think hypothetic 
cally and deductively, to hold more than one variable in mind at a titne, and to 
think about their thinking. In one research stud) a group of secondary students 
was given the following exercise. '*AII successful scientists work hard, and Mr 
Smith IS a scientist who works hard. Can we say from this that Mr. Smith is a 
successful scientist ?** About 25 percent of the fourteen-yeardds w ho responded 
to this questioii iinswered *'yes,'^and nearly 20 percent answercd "no," but gave 
a poor re^i^^on for their "no'' an.swer. (13) Commenting on this, Lovell remarked 
that although it is not impossible for concrete operational individuals to solve this 
kind of exercise, it does not lend itself to imaging very easily- that is, the set of 
scieniisiN who woiK hard but arc not successful is never mentioned and an image 
of that set docs not arise very readily from a reading of the problem, Thus, the 
exercise becomes very difficult for students whose thinking is still tied to sensory 
perception, 

hi several of its logic exercises the recent National Assessment of Educa- 
tional Progress (NAEP) underscored the role of cognitive development in suc- 
cessful deducti\e thinking b) revealing that the jump in perfomiancc between the 
9-year.olds and the 1 3-) ear-olds tends to be much greater than the jump between 
the 13-year-olds and the l7-)car-okis, (3) In particular, on an example similar in 
sinicturc to the one used by Lovell in his expcriiiient-^'Every flyer is cmzy, Chris 
IS era/.)'— a correct conclusion that there is not sufficient information to decide 
whether Cliris is a flyer was reached b) 25, 51, and 58 percent, respectively, of 
he 9-, 1 3-, and l7-)ear-olds. It is noteworthy that so many of the l7-ye;ir-olds— 
n;ore than 40 percent- were not able to deface the appropriate answer. 

Reys and Grouws lookc\l at one parucular topic where many students are 
challenged to understand a proof before they have developed to the stage of for- 
mal operations, namel). division by zero, (15) One recommended way for teach- 
ers to approach a question like * \Vhat is 6 divided by 0?*' is to remind students 
of theclose relationship between multiplication and division: 4 ^ 3 = I2vi 12 
-r 4 = 3. Thus, for a related pairof stafementslike 3x0=6^ □= 6^3, 
the same number, in this case 2, fits in both squares. Since 0x0=6 = 
t - 0 are related statements and since the left statement has no solution (0 times 
any number is 0). there is no solution for the right statement, either. 

This IS the kind of rea.soning students must understand in order to understand 
why 6 -r 0 - ? has no solution. In their testing and interviewing of fourth, sixth, 
and eighth-graders, Reys and Gfouws found that an understanding of such rea- 
soning required a facility with translating back and forth from multiplication to 
division and an understanding of zero as a number. Funhermore. the logic and 
symbolism involved in the proof make cognitive development a factor the more 
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cogmtivcly mature students arc, the greater are their chances of deducing that di- 
vision bv zerc has no solution. ' 

Beirpomts out that a child s path to ibrnial proof begins with early attempts 
at making and eMahlishmg generaluations, Children can ivcognize patterns and 
relationships, even extend and describe thciiu but they cannot justify or deduce 
them, (2) Often the generah/ations are unreasonable, too. In the research study 
described by LovelK secondary level students were presented with a version of 
the famous, and unproven, Goldbach Conjecture: Every even number can be ex- 
pressed as the sum of two prime numbers. The students were told to study the 
following list: 

0 

2=1 + 1 10 = 5 + 3 
4 = 3 + 1 12 = 7 + 5 
6 = 3 + 3 14 = 7 + 7 
8 5 + 3 16 = 11 + 5 

(and so on. to 16 instances concluding with 32 = 3 + 29) 

They were then asked. Do these tacts show that every even number can be put 
as the sum of two prune numbers?- Approximately '0 percent of the students in 
the 14- to l.vyear old range answered, in effect. "Yes. enough cvulence. ' lo 
Lovell, theve data implied that many of the students in this age range have not 
fully developeci the deductive thinking skills that could prevent such hasty and 
unexamined geneializations. ( 13) 

Oddly enoufih; although many secondary level students have a tendency to 
jump too quickly from patterns to gcnerali7..ition.s, it is also common for adoles- 
cents to mnore the conclusions they could draw from counterexamples. Galbraith 
rcports a'study in which students, most of whom were between 13 and 15 years 
" of age. were asked to evaluate a rule proposed b> an imaginary smdent Brenda- 
for predicting wh.ch whole numbers have the property that the sum of their digits 
are divisible by 7 (for example. 43. 70. 383). (6) Brcnda's mle was: "Eveiy numter 
with this property can be found by adding 9 to the previous number. You start with 
7 •• When the students were alerted to a ccunicrexample to Hfeiidas rule (for ex- 
ample. 59 has the property but 50 does not), approximately one-third of the stu- 
dents did not sec the significance of the counterexample in txifuting BreiKla"s mle. 
As one student saidi ".Could-be a freak accident— one in a million chance, 

In the year.s before children can fully take hold of formal proving skills, other 
developmental tactors can affect their progress. For example, verbal and writing 
skills have a bearing on proof skills. Lester remarks: "'An examination ol re- 
search involvina the bgical-rcasoniiig abilities of young children reveals that these 
abilities may be supenor to their ability to put an argument in written fonn." (11. 
p. 15) And Hoffer warns. ••Precise formulations may be thrust on students before 
they are ready— before they have an opportunity to describe concepts themselves 
and recognize the lack of precision in their statements.^^ (8. p. 12) 
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Levels of PriTequisite Concepts and Skills 

Most siudcntb have little experience with deductive proof before high school 
geometry. Even then, many lack the prerequisite skills and conceptual under- 
standing that would permit them to understand and use formal deductive proofs 
Several-research studies have attempted to delineate those prerequisites for de- 
•ductivej)roof, and one result of those efforts is the van Hide model of the levels 
of mental development in geometr>, a model named after the Dutch researchers 
who first hypothesized it. 

Aecordmg to the modcK all children progress through several levels of gco- 
nietnc undorelandmg, and the van Hides have claimed that a combination of time, 
content, and leaching methods will carry each child from one level to the level 
fdlowing it. As described by Hoffor (8), the proposed levels are: 

Level X. Reco^niiioiU The student learns some vocabulary and recognizes 
J sha|)e as a whole. For example, at this level a student will recognize a 
picture of a rectangle but usually won't be aware of many properties of 
rectangles, such as parallel opposite sides. 

Level 2. Malysia. The student analyzes properties of figures. At this level 
a student may realize that the opposite sides of a rectangle are parallel and 
congnient, but will not yet notice how, rectangles relate to squares or right 
triangles. 

Level 3. Ordering. The student can logically order geometric figures (tor 
example, all squaixis are rectangles, but not all rectangles are squares), and 
understands interrelationships between figures and the importance of ac- 
curate definitions. 

Deductive thinking skills are not fully developed at this level. Al- 
though students at this'level may be able to understand the relationship of 
the class of squares to the class of rectangles, and the relationship of the 
latter lo the class of parallelograms, they may not be able to deduce why 
the diagonals of a rectangle are congruent, 

Wirs/up has described how deductive thinking begins to take shape at 
level 3, As students collect the visual properties of various shapes, the 
growing collection asks for organization, and that is the start of deductive 
thinking, (20) 

Levd 4. Deduction. The student understands the significance of deduc- 
tion and the role of postulates, theorems^ and proof. 

At this level students will be Able to use posmlates to prove sjatements 
about rectangles and triangles, but this thinking may lack enough rigor for 
them to understand why the postulates are necessary. 
Level 5, Rigor. The student understands the importance of precision in 
dealing with foundations* such as the collection of axioms and postulates 
at the foundation of Euclidean geometry. This is a level of sophisticated 
thinking rarely reached by nigh school students, 
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UMskiu and Scnk u)nducied a biudy of several thousand high school geoin- 
ctr> Mudems (u dcicmiine what changes in van Hiele levels take place during the 
>ear of geometrv , and to deterniine how well ihe van Hiele levels of students en- 
tering high school geoinctr> tan predict the level of their proof skills at the end 
ot their \car m geometr>, (17, 18) In order to make these determinations, the re- 
seafLhcth began detennnung how nwny of the students fu the van Hiele model 
and, ol those who did, what their levels were. About three-quarters of the stu- 
dents fit the model. Remarkabl> , over one-half of those students were at Level I 
or below. The following arc two examples of the questions asked* 

'Level l: \Vhich qf these are triangles? 



(A) None of these are triangles. 

(B) V only ^ 

(C) W only 

(D/ W and X only 
(E) V and W only 

Level 3. What do all rectangles have that some parallelograms do not have*^ 



(A) opposite sides equal 

(B) diagonals equal 

(C) op|X)sitc sides parallel 

(D) opposite angles equal 

(E) noneof(A)-(D) 

The study detenmned that during the year of geometry, more than 50 percent 
of the students at the lowest level moved to Levels 2 or 3, -but that about a third 
of them remained at Level I. (18) Furthermore, the study found that after a full 
>car of a geometry course with proof, only about half of the students could do 
more than v»nRle proofs. (17) Finally, as a predictor of how well students would 
do with proof after a >ear-long geometry course, the van Hiefe model proved to 
be somewhat suuessful. Inparticular, it appears that if a studem enters geometry 
at Level I or below, there is little chance of success with proof. Level 2 implies 
a better than even chance of success, and Level 3 and above imply a good like- 
lihood of success. ( 17, 18) 

So far, the van f licle model shows great promise as a tool for delineating the 
skills and conceptual understanding that must precede students* work with for- 
mid deducuve pmof. Furthe. rcse^irch must sh^irpen the delineation and also identify 
the Llassroom activ ities that «re most appropriate for each level (HofferV article 
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t8) proposes some geomcti) activitieb lor each level and interested teachers can 

refer to it.) , . ... 

The research cited .so far has made it clear that many adolescents contend with 
a variety of obstacles to the learning of the rules of foniial proof; 

ah mabihty to thmk hypothetically or to express their rea.soning in writ- 
ing. . , 
a lack of clarity about the equivalence of a mathematical statement and 

its contrapositive. 

an unwillingness to accept the conclusive evidence presented by a coun- 
terexample. 

a tendency to generalize too quickly from recognized patterns. 
^1 a lack of prerequisite skills and conceptual undeistanding. 

There are other obstacles, tto. In his research report, Galbraith noted a tend- 
ency of many adolescents to focus on only part of the statement of a proposition, 
and tendencies as well to change the conditions of a proposition to suit the diicc- 
tion of their own thinking or even to be subjective in their as.sessment of a proof 
C'lViaybe Brefida.didn't mean to say 'every'.") (6) 

it is important for teachers to note that inexperience is aKso bound to affect a 
young person's work with proof. For much of their lives, adolescents have at- 
tempted to win arguments primarily on subjective grounds. Bell pointed to this 
mlluence of inexperience and the role of the teacher in dealing with it when he 
said- -It follows . . . that pupils will not use formal proof with appreciation ol 
us purpose until they are aware of the public status of knowledge and the value 
of public verification. The most potent accelerator towards achievement of this is 
hkely to be cooperative. ix:search-type activity by the class. In this, investigation 
of a situation would-lead to different conjectures by different pupils, and the res- 
olution of conflicts by arguments and evidence." (2. p.25) 

The Teacher and Proof 

Perhaps the most extensive attempt to create the kind of classroom experi- 
ence which Be!i recommends was Fawcett's classic teaching experiment during 
the nineteen thirties. (5) The experiment lasted two years and drew much of its 
life from Fawcett's conviction that, with appropriate guidance, secondary stu- 
dents can learn to think critically, renectively. and deductively, and can learn to 
apply that thmking both to mathematics and to nonmathematical areas as well. Ihe 
subicct area was geometry, the teaching method mostly nondirective. The sm- 
dents were frequently and consistently challenged to develop, through argument 
and uroup agreement, their own .system of geometric definitions, axioms and 
theorems-in fact, their own textbook. For example, the following question is 
typical of the teacher challenges to the class: 
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B C 

Absumc thai angle a ^ angle a'. What are the resulting iniplicaiions? 

Note thai the question doesn't lead the sludentb lo an> pariitular implication. 
\Vhen the students began to list unpliLations, however, the teacher made them 
examine, debate, andjustif) each on the basis of prc* ious^>vork, and then to in- 
corporate the implications they derived into their textbook. 

Fa\vcett\s account of the experiment is the 13th yearbook of the National 
Council of Teachers of Mathematics, The Nature of Proof. It is vcr> readable and 
inieresied tcacheri» should refer to it for a complete picture of the experiment. At 
the end of the two >earj> the experimental Mudents scored higher than students in 
traditional da.sseb on a sttite geometr> examination and both the experimental 
Mudenlb and their parents claimed that the students' deductive thinking had im 
proved in nunmathcmatical .situations. Perhaps the most important outcome to 
Fawccit, however, was the pr:.^lifc ration in the experimental class of the behav- 
iors he voiKsidered vharacteristiv uf students who understand proof and the value 
of proof and which can still serve as beacons to an> teacher of mathemctics (5, 
p. 1 1): 

1. The) will select the significant words and phrases in an> statements that 
are important to them and ask that they be carefully defined. 

2. The> will require evidence m support of an> conclusions the) are pressed 
to accept. 

3. The) will anal)/.e that evidence and distinguish fact from assumption. 

4. The) will recogni/.e staled and unstated assumptions essential to the con 
elusions. 

5. The) Will evaluate those assumptions^ accepting some and rejecting oth- 
ers. 

6. The) will evaluate the arguments, accepting or rejecting the conclusions. 

7. The) will constanti) re-examine the assumptions which are behind their 
beliefs and which guide their actions. 

There are wa)s in which mathematics teachers can incorporate Fawcett's list 
into their own teaching objectives without investing in \\ two )ear commitment. 
First, as much as possible, the) .should model the kind of reasoning the) want from 
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their btudonts. In their s'udy of.sc\ciilh-graders" logical reasoning skills. Gregory 
and Osborne found a high correlation between the frequency of teachers' use of 
conditional reasoning (e.g., "If . . then " sentences) and the conditional reason- 
intt skills of the students. (7) 

" Second, teachers .should think aloud while attacking problems and construct- 
iiitt proofs. They should also create opportunities for students to think aloud In 
tins way both teacher and student can examine the student's thinking-assump- 
tions, use of evidence, the depth and comprehensiveness of criticism Four of the 
seven behaviors on Fawcett's list concern assumptions, and at least one research 
study has made it apparent that the assumptiQns many students bring to formal proof 
need airing and adjustment. In that study, reported by Lovell. attention was fo- 
cused on the development of the concept of proof. When asked "What do we mean 
by an hvpothesis.'" . more than 20 percent of the students between the ages ol 16 
and 18 gave answers such as. an hypothesis is a true statement; an untrue state- 
ment, a proved statement, a statement that cannot be proved. (13) With assump- 
tions like those it is no wonder so many students have trouble with formal proof! 
Whether the topic tor discussion is a particular mathematical proof or the process 
of proot Itself, students need to be made aware of their own assumptions and those 
ot others. That can only be done through regular classroom discussions among 
students, discussions that are guided by the teacher. 

The theme of student involvement was at the heart of a .study by Libe<;kind 
(12) The study centered on a short course in number theory for students from graces 
9 through 1 1 ' Ubini; study booklets and a sequence of mastery tests, the research- 
ers guided the smdcnts through 25 hour-long sessions. The researchers' main fo- 
cus was the effectiveness of the heuristic teaching of proof, whereby the teacher 
d-.;esn't just appeal 4o a.\ioms or previous results in the course of developing a.proof. 
but shows why it is reasonable to start a particular proof in one way and not an- 
other, how one knows the way to proceed from one step to the next, and what 
alternative strategies there might be for developing a particular proof. 

The researchers guaranteed students' involvement by asking them to suggest 
what the nbxt step in a particular proof might be. The students wrote their sug- 
gestions m their notebooks and a step was adopted only if more than half of the 
students suggested it. Furthennore. to discourage memori,zation the students were 
required to write proofs in several fonns: the traditional two-column fonn. a story 
(sentence-paragraph) form, and a diagram form. So-called "now proofs" are ex- 
amples of a diagram form and interested teachers can refer to McMurray. (14) 

Nine students completed the course in Libeskind's study and all reached the 
mastery level. In particular, during the course the students developed the ability 
to reproduce proofs even though they had been discouraged from nienionzing, the 
ability to recognize if a proof was valid, and the ability to apply the methods they 
had learned to prove statements they had not seen before, Libeskind concluded 
that the mvolvement of the students through the heuristic approach was central to 
their success. 
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Conclusion « 

It should be evident b> now that bcLonung profiLient at mathcmatiLal proof 
demands more than just a single skill. In fact, u appears to be the outgrowth of a 
nuxed set of skills, hvibils, vind attitudes, encompassing alertness to assumptions, 
hslcning lu and evaluating arguments, retogni/jng patterns but also recognizing 
when a pattern has not been extended tu a firm proof, and both the ability and the 
willingness to think hypoihelically. 

One other aspect of proof should not be ignored. A formal proof is usuall> a 
series of statements, but skills in proving arc born in the asking of questions 
v|ueslions that allow one to anal>ze a concept oi situation, to examine it from var- 
ious vantage p^)ints, and to gather data about it. In one scries of experiments, sixth 
and seventh grade, students were trained for a > car in a program of classroom 
learning called the Inquiry Method. (16) The method was used mainl> in science 
vlasses, where students were shown events that tended to contradict precon- 
ceived notions, stiwh as the larger of two blocks of wood floating in a liquid while 
the smaller piece sinks to the bottom. The students' task was to ask the teacher 
questions, answerable b> **yes" or ''no'\ until they felt the> Lould explain why 
everything in a partiLular expcnment had happened the wa> it did. Five years later, 
the researchers compared the Inquiry Method students with a comparable group 
of students who had not been exposed to the method. The inquiry -trained stu- 
dents were signifiLantl) more analytical than the other students, and were better 
m nialhemaliLS. During interviews, the inquiry-trainjd students made the con 
ncLiion between the >ear\s training and their later experience with proofs in ge- 
omeir>. As the researchers reported. "Apparently techniques suggested in the 
strategy sessions, such as thinking of a 'start, middle, and end' to an experiment, 
gelling air the facts, or asking 'precise* questions, were the kinds of things to 
which the .students referred in the questionnaire that were internalized and re 
tained during the five years between the teaching regime and this investigation/' 
(16. p, 142) 

Some researchers see the inicnKomputer as a potential source of a similar kind 
of inquiry training. To do a geometric proof, for example, students must make a 
series of decisions about the kinds of infonnation they need, visual information, 
known theorems and related results, etc. Researchers are investigating the effects 
of building into nucrocompuier programs the capacity to respond to a student's 
request for more information. In one project, for example, the computer was pro- 
grammed to list, at Lcriain points dunng a geometnc proof, several categories from 
which the student Lould choose the type of information desired. (9) The hints tame 
from the computer, but the direction of the hints came from the student. 

In a similar vein, Krist conducted a study with students in grades II and 12, 
using a ^umculum designed to be augmented by the programmable calculator One 
of the major Lontlusions of the study was that calculators can contribute to build 
ing a bridge between the formal proof of basic theorems and students* under- 
standing and acceptance of those basic theorems. (10) 
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From Fawcett s expcnnicnt in the 1930'b to the use of calculators and micro- 
computers, the path to formal proof has not changed for secondary school stu- 
dents What has chanced is our picture of the path, which is cleaitir now than it 
ever has been in its delineation of the skills that underlie formal proof and in the 
portrayal of obstacles to learning formal proof. In panicular. we have n clearer 
picture of which obstacles iim developmental in luiturc and which arc not. and svhat 
-strategics are available to teachers who face these obstacles in the teaching of 
mathematics. i 
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